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ABS1'RAXT

This report presents analytical techniques for predicting both the linear
and nonlinear stresses and deformations of mechanically fastened Joints. The

loads among themselves by means of transverse fasteners. The plateb axe
treated by finite element methods of matrix structural analysis in whi'-h
each element is assumed to be in plane stress for both elastic and plastic
stress states. The fasteners, wbich are treated by ahort-beam theory,
interact with the plates under the assumption that the plates may be
represented by an equivalent elastic foundation.

Application of the present analytical techniques was made to a variety
of problems including: the combined elastic-plastic behavior of plates with
unloaded holes, the load-deflection behavior of sJi gle-fastener joints, the
residual stress distributions in plates with sque,.,e rivets, the effect of
fastener bending and shear deformation on the bee-ing stress distribution
between the fastener and the plate, and the prediction of the fatigue life
of typical mechanically fastened joints. In all these cases, comparisons
with test results generally gave very good correLation.

Parametric studies were performed to determmine the effects on stress and
deflection distributions of variables such as: initial clearance or
interference between fastener and hole, load level, geometry and material
properties. The effect of these variables upon fatigue life of single and
multi-fastener joints under realistic loadings was also assessed.

For the range of parameters btudied, the effects of hole cleawance and
fastener interference and geometric configuration alpear to play the
dominant roles in determining the stress distribution and hence, the f.ti4ue
lLfc of amcbsnicaly fastened joints.

iii
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CHAPTER 1. SUWQ4ARY OF PRESENT EFFORT

1.1 Introduction

The accurate structural analysis of mechanically fastened Joints is an

important aspect In the efficient design of aircraft structures where minimum

weight is a prime consideration. As a first step in such an analysis, it is

Snecessary to know the distribution of the applied loads among the different
| ~fasteners in a multi fasten-_r joint. Previous investigations (Refs. I and 2)

Shave developed convenient, -P-ctJcal methods for determining such gross load
Sdlstribu-ýiona in multi fastener joints. However, one of the nesayinput

quantities for the use of such methods is the load-displacement relationship

for an appropriate single fastener joint. In the studies of Refs. 1 and 2

recort to test data was made in obtaining the input information necessary

for such gross analysis methods.

In addition, another input to these procedures is the proper spring con-

stants representing the sheet material between fasteners. The spring constants

involve uniformly loaded "effective widths" because of the non uniform stress

fields that exist in the sheets in the vicinity of the fasteners. Here again

the techniques of Refs. I and 2 employ semi-empirical inputs to account for

*tile Pafte BPr-iLld Q41utE~i.taLntareedn_ 1-- thC

The methods developed in the present study provide an alternative to the

empirical approach by supplying analytical predictions of the plate-fastmher

spring constants for the complete range of loading up to and beyond yielding,

using nonlinear planar analyses. Methods are also developed for predicting the

non-planar elastic portion of the load-deflection curve of a single fastener.

A more general inelastic procedure for predicting the inelastic portion of this

load-deflection curve is also indicated but not implemented. The tctal joint

deformation resulting from both plate and fastener deformations are then

determined and some analytical results are compared with those obtained from a

concurrent, small scale experimental program.

After the transfer loads and by pass loads for the individual fasteners

are obtained by procedures such as those of Refs. 1 and 2, the peak stresses

Ih

- ~ - _ _ _ - - --~ - - -_



that occur in the vicinity of the fastener holes must still be determin-d.

These total peak stresses are particularly significant in fatigue studies.

The procedures prebented in this report, which employ matrix methods of

structural analysis in conjunction with finite element techniques, enable the

determination of these stresses in plates having either loaded or urloaded

holes. Furthermore, the effects of fastener bending a&d shear deformations on

the distribution of bearing stress betweeu fastener awd plate, through

the plate thickness, are analyzed and the resulting increases In the peak

bearing stress determined. 4

To determine the applicability of the analytical resultr obtained, the

fatigue analysis prediction of an aluminum joint with both hole clearance and

interference fit is made. Finsaly, a comparison is made of the analytical

life prediction of an actual titanium joint with test results showing the

effect of clearances for a spectrum type loading.

1.2 Methods of Analsis

1.2.1 General

A mechanically fastened joint is, in general, a highly redundant structure

in which the mechanism of load transfer creates a nonlinear, three-dimeniional,

combined elastic-plastic stress state. Since the exact analysis of such

problems is clearly beyond the present state of the art, a more modest approach,

based upon justifiable engineering simplifications, is employed,

Basically, the approach taken is to create a series of two-dimensional

ate .i.e.a..tions vch d an rmetei tU IUocrt&nt pianar

effects such as material properties, geometric configuration, hole clearance
and interference fit. In addItion, a one-dimensional model capable of

accounting for fastener shear and bending, head stiffness effects and b•aring

stress variation through the plate thickness is used. This component analogue

to simulate the actual mechanically fastened structure is illustrated

schematically in Fig. 1.

1.2.2 Two-Dimensional Problems

The planar prublems are treated by the finite element method of

structural analysis. '2-.o types of problems are considered in the present

study: (I) elastic-plastic analysis of plates with unloaded holes, amd (2)

elastic nonlinear contact problem analysis of plates with holes loaded by



rigid circular pins having arbitrary initial fit conditions. The analysis of

problems of the first type. is given in Chapter 2 a& problems of plates with

loaded holes are treated in Chapter 3

1.2.3 g rhee-Dimension Effects s

The three-dimensional fastener-plate interaction is approximated
through Mealization of this system as a short beam on an elastic foundation.

The fastener deformations are treated by various beam theories which include
either shear or bending effects, while the plates ar-e replaced by a continuous

set of mutually uncoupled springs whose moduli are determined from the corn-

current two-dimensional finite-element stud,,y described in Section 1.2.2.

1.3 Aplication of Present Analy-tical Results

1.3.1 Effective Width and Inelastic Stiffness of Plates with Holes

An elastic-plastic planar analysis capable of generating "spring

constants" for the plates in multi-fastener Joint analyses as described In
Refs. . and 2 is appliei to several plates with unloaded holes. The stiff-

ness characteristics of these structures are evaluated at lod& levels in the

elastic and plaf;tic regions. From thE planar finite element analysis the

"effective width" of the plate is determined. Present results reveal that

this parameter is strongly influenced by the hole spacing-to-hcle diameter'

ratio (S/D) and to the hole spacing-to-plate width ratio (S/W). For usual

hole spacing, say of the order of 4D, it is found for the values of S/W

considered, that the effective width of the plate Is apprcmm-x tely 75 tn 90

percent of the original width.

1.3.2 Prediction of Load-Deflection Behavior for Single Fasteners in Sigle
aMd Double Shear

The bending and shear deflections in a fastener are evaluated separately

by solving the differential equations for & beam on an elastic foundation,

where the modulus of the foundation is the local spring constant of the plate.

The cases considered are a fastener in antisymmetrical single shear and a

fastener in symmetrical double shear. The relative magnitudes of the shear and

bending deformations are estimated for several cases through numerical applica-

tions. In addition, the effects of head fixity are estimated through considera-

tion of the two 2imiting cases, i.e., a rigidly clamped head and one with

negligible rotational resistance.
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The effects of fastener flexibility on the bearing stresses between

fastener and plate through the plate thickness are examined, The increase in

the bearing stress, at some plate thickness locations, above the nominal

bearing stress obtained with a rigid fastener are t•a:luated for a range of

fastener diameter to plate thickness ratios and the results presented in

graphical parametric form. If shear rigidity of the plate in the thickness

direction miky be neglected, these local increases iu bearing stress rebu.lt in

corresponding increases In all the plate stresses at the same plate thickness

locations.

1.3.3 Fatitrae Analsis Under Constant Am=litude and Spectrum Loading

The effect of fastener fit (ie. clearance and interference) on fatigue

life of mechanically fastened joints iE studied for corditions of constant

amplitude and spectrum type loading. In general, results Indicate that fatigue

life is reduced for cases where there is a clearance between fastener and hole

and increased where there Is an interference fit. The degree of improvement

or reduction in fatigue life is shown to be a function of the woaunt o:

clearance or interference in the Joint.

There appears to be a fairly uniforw decrease in fatigue life in going from

a neat fit condition up to clearances of approximately 2% dia., after which the

effect is progressively less significant. For interference fit cases, results

indicate the possibility of an optimum interference for a given stress level

and joint geometry. It should be noted however, that excessive amounts of

interference .may be detrlment-- to rat•lg•-e Uife.

1.3.4 Correlation With Experimental Results

(1) Static Tests

Overall joint flexibilitJ.is for single fasteners in double shear

are determined both experimentally and analytically. A comparison of the

results reveals a reasonable correlation for the modest number (15) of

tests performed, Both tests and analytical predictions reveal a greater

sensitivity of results with the type of fit between fastener and hole (i.e.,

loose or interference) rather than with the fastener material employed.
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i (2) ,ratige Test

Fatigue test data for double-shear and multi fastener aluminum alloy
t and titanium alloy joints which include both constant amplitude and spectrum

type fatigue loading,are compared to analytical predictions based on the results

of this study. Althouy h the data eohibit a fairly large scatter, the trend to
r eduction in fatigue life as clearance between fastener a•nd hole is increased

is clearly demonstrated. Y4•provement in fatigue life Is generally obtained in

going from a neat fit or -'earence to an interference fit, but there are

optimum degrees of interference for given stress levels and joint geometries.

It is notable that all the basi2 trends are predictable by eanlysis.

Limited experimental test data are also presented to shcvw the

effect of clamp-up due to installation torque on fatigue l±fe. A multi fastener

double-shear aluminum alloy joint was tested in constant amplitude fatigue for
cCndit ions of normal clamp-up and no clamp-up. Considerable increases in

fatigue life are shown for the clamp-up condition,

1.4 Conclusions and Recgosendations

Analytical methads for studying the complex structural three-dimensional
stress and deflection behavior of mechanically fastened joints have been
presented in this report. These techniques have proved to be very useful
In obtaining basic data so as to gain a better understanding of the problem

and to narrow down the most important parameters which affect structural joint

behavior. Tne results of planar analyses of plates with loaded and unloaded

holes have provided input information for both static load-defortion charac-
teristic studies and fatigue life predictions of joints.

An adequate engineering method of determining the separate effects of

fastener shear and bending flexibility on ov-rall joint flexibilities and local

stress distributions has been aeveloped. For the cases considered, the effects

oQ bending flexibility were generally less significant than the effects of

shear flexibility.

Possible extensions of the techniques presented include a more refined

beam theory to include the effects of fa6tener shear and bending simultaneously,

&s well as countersink head effects and clamp-up force upon overall Joint

compliance and stress concentration.

..



it is concluded from these studies that the fatigue lives of mechani-

cally fastened joints are significantly affected ")y the degree of clearance

or interference between the fasteners and holes. Basic trends shown in

experimental joint fatigue test data have been reasonably well predicted by

the fatigue analyeis. It was also possible to account for certain aspects of

joint fatigue behavior tbrougb a study of the elastic stress variation around

plate holes, as related to nominal stress level and hole location in the

joint.

It is concluded that clearances between fasteners and holes will

reduce fatigue life beyond that obtained with & neat fit condition. In

addition the effect on an interference fit will generally improve fatigue

life, althougb behavior under this condition is not as predictable as in the
case of clearance fits. This is due to the degree of plasticity encountered

as a result of the initial interference fit. Trends shown by the fatigue

aralysis, backed up by limited test ýata, indicate the possibility of the

existence of an optimum interference for a given joint geometry, and that

additional interference beyond these levels may tend to reduce fatigue life.

A limited study of the effect of clamp-up in a joint has shown that

fatigue life can increase significantly as a result of clamp-up. This effect

can be accounted for by analysis if a reasonable estimate of the manitude and

dcan ib count of arreasooa.1 frcet Io madan

It is recommended that further attention be given to the prediction of

stress distribution in the region of fastener holes in joints, for the

conditions of clearance and interference fits. For the interference cases

in particular, extension of the present work to include the effects of

plasticity wou2C .easult in a closer representation of the strese-strain

-behavior it & hole or notch. If the strain amplitude in a fatigue cycle can

be estimated to a reasonable degree of accuracy, the use of strain-life data

enables a good estimate of fatigue life to be made. The trends indicated by

the qualitative analysis metbods employed in the present study are sufficiently

well defined to show the value of a continuing effort in this field.

6
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CHAPTER 2 INKRASTIC AMALYSIS OF PIAMS W3M UNIL(MK HOLE

2.1 Introduction

The elastic-plastic analysis of planar structures having stress con-

centrations caused by unloaded holes is considered in this section. To

perform such analyses two computer programs (based on finite s-lement
methods) are used. The first is an elastic analysis used to generate

influence coefficients relating the applied loading and plastic strains

to the stresses and displacements throughout the structure. The second

step in the analysis procedure is an incremental plasticity program to

follow the load well into the inelastic range. For this purpose a pie-

viously available computer program designated here as the G.iuan-Air Force

plasticity program was modified and expanded to accommodate the present
computational requirements. This program is fully documented in the

present report.

2.2 Luelastic Stress and Deflection Analysis of Plamar Structures

2.2.1 Basic Considerations
The Grumman-Air Force program which forms the basis of the present

plasticity analyses is fully documented in Ref. 3. The theoretical back-

ground of the program and the necessary modifications to provide for an

inelastic deflection saalyse s capability are o Im p tze i here.a s e

The program uses the "initial strain" method are plstic ahr lysis wheree

plastic strains are interpreted as initial strains. The basis of the
method resides in the formulation of the stiffness analysis Wroblem as a

series of linear analyses each of which involves representation of a state

of initial strain in the structure. The general foriulation for this type

of problem can be written in matrix form:

S= [r] [P) + G] {il (W)

Here, the c's are the stress values which characterize the state of stress in

the respective elements of the structure. These may be defined, in a given

elemnt, e.g.,at its centroia, or. at nodal points of the finite element

idealization. The matrix [r] relates the stresses [a) to the applied loading

7



(P), on the basis of a conventional elastic matrix displacement analysis

of the structure. The motrix [G] relates the stresses to the initial

strains 1c

A similar expression to the element stresses can be written for the -

generalized nodal displacements since these mast be determined at each

step of the loading in order that a complete analysis of a structural Joint

can be made. This equation takes the form:

{61 - [a] PI + CD] (c,1 (2)

In this expression the values of the nodal displacements (6] are computed

in an analogous fashion to the stresses at each step in the load increment.

The matrix [6] is the flexibility matrix relating displacements to applied

loads (P), and the matrix [D] relates nodal displacements to the initial

strains. Both the [A] and [D] martices are determined from an elastic

analysis of the structure together with the matrices [r] and [C] needed

for the stress analysis. These four matrices then act as inputs to the

plasticity program.

In the present approach, the initial strains c are taken as the

plastic strains C at the specified load level. The load is applied

incrementally and the above linear analyses are applied for each increment.

An examination of the numerical techniques used to solve such nonlinear

problems reveals t-wo possible approaches: (1) a non iterative step-by-step

calculation in which all quantities, including the initial (plastic) strains,

Cis are incremented and (2) an alternate iterative procedure for any

particular load level. The first approach, which is the most straight-

forward, is the one used in this a,.Ilysis.

Two methods for the non Iterative step-by-step procedure have been

suggested in Ref. 4 but subsequent evaluation of these methods (Ref. 3)

indicates that only one of them is free from inherent computational

instabilities. In this method the stresses in the plate are expressed by

the following modified form of

r(k) r pk) + [G](CI(k-l)] (()k

[C +



wlere k is the load increment designation. In a similar fashion the com-

putations for the displacements can be made by rewriting Eq. 2 in the form

{(k)} (k)] (k-1) (48 [A] p(P) + IIC

where k is the same lead increment designation as before. In Eqs. 3 and 4

the stresses and displacements in the kth increment are expressed in terms

of the -Aitial (inelastic) strains from the (k- increment.

The actual method used for determining the stresses and strains in

the kth increment is the "constant strain" method, which is illustrated

in Fig. 2 for a uniaxial stress-straii case. The method proceeds as follows.

One enters the kth increment with applied loads [p(k)] and initial strains

(C- , the latter evaluated during the precediug increment. The first
operation of the kth increment is to determine an approximation to fa(k))

from Eq. 3 by direct substitution. Referring to Fig. 2 point is thus
(k) W(WI)determined with stress-strain coordinates a and a /E + pk Since

point A will probably not lie on the stress-strain curve of the material,

the stress at point A is relaxed to a*(k) (while the total strain is held

constant, i.e., "constant strain"), corresponding to point B, which does

lie on the stresB-strain curve. Point B, then, defines the final, corrected
*(k), initial strain, (k) the kth

values of stress, a and i in cycle, as

1indicated_ in Fig. 2.

2.2.2 Isotropic Elastic-Plastic Analysis

In the general biaxial stress state which is of interest in the analysis

of planar structures, the notion of an "effective" stress-strain relation-

ship as shown in Fig. 3 is used in conjunction with the Von-Mises yield

criterion and the Prandtl-Reuss flow relations of incremental plasticity

theory.

The biaxial analysis employs the same step-by-step procedure described

above, with modifications for biaxial stress states. It can be summarized

in the following algorithm for the kth load level:

1. Obtain the stress components at each node using the basic

Eq. (3) by assuming the initial strains from the previous

load level.
9



2. Using these stresses, calculate an "effective" stress at

each node.

3. Assuming that the effective stre38-strain relation for the
material, moldfled by including the elastic strain, corresponrs

to data wieesured in a simple uniaxial tension test, determini

the "effective" strain corresponding to the effective stress
Calculate the corresponding effective plastic strain and the

increment in effective plastic strain over the previous load

level.

4. Using the incremental flow relations, calculate the inelastic
strain increments. The proportionality constant in these

equations is the ratio of the effective plastic strain

inwrement to the effective stress.

At this point in the calculation, the applied load can be incremented

again and the cycle repeated. The details in implementing each of these

four steps in the algorithm follows:

Step (i) When calculating the stresses aN(k) at the node point,
N., for the kth load level using the initial strains from the (k-l)th
load level in Eq. (3), it is convenient to identify the three stress

components (one shear and two normal) at the node point by means of

subscripts jI_, j2f-l, and :-4-2, as rolllws:

S(k)

0 (kk)(k

* (k)

10
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The stresses are thus arraniged in groups of three coaponents at each node

point 3.

Step (2) We now calculate the correrponding effective stresses
~k) for each of the nodes from the Von-4Koes expression:

k k (~k) ((k) ),W (ek) (6Cý [((Y3N2)2 -( 3-2) ~3N-l 3Nl T+ (6

Note that by definition N must be positive and is proportional to the

octahedral shear stress. This expression together with the stress-strain

data constitutes the strain hardening criterion.

Step (3) Assumin that the effective stress-strain curve ( vs.

B + C ) is the same as the tensile stress-stroAn for the material of

interest, we use the curve, together with the constant strain method, to

determine the corrected (relaxed) value of _- and the corresponding
effective •lastic strain"c( ". The increment in the effective plastic

strain of"nk) over that of the preceding interval will be either positiven
or zero, depending upon whether plastic loading or elastic unloading is

takin place. Thus
P(k) .p(k) _p(k-1) (7a)

"N N

when 7Zk 4-5 greenter thl.- aw~ previouo ~- (ine-lastic strain im~reasing),
and

be N c (7b)

when 4 k) is sumaller than a previous aB*

Step (4) The increments in the ordinary plastic strain components may

nov be obtained using a Prandtl-Reuss incremental relationship.

;( k)

At p(k) - N (k) -(8a)
3N-2 ~k ~~ 2 12(

4k)3N



p(k) 66N [() -/P V(k) (8b)

3N 4k) 3N-l (8c)

Tfhe total, ordinary plastic strain components axe obtained by addition,

Cp (k) *p (k-i) (k)
3N-2 3N-2 3N-2

,p (k) p (k-1) •p (k)
3N-- 3N-i + 3N-l (9)

p fk) p (k-1) p (k)
3N 3• 3P

(k~il)
These components together with the new applied loads P may be substituted(k+l)i

in E9. (3) to obtain N the next load cycle.

2.2.3 Comnuter Program

The computer program which incorporates the theory described above is explained

in Appendices A through D. Appendix A is essentially a user's manual for the program

and describes the various options available. The logic of the program is given by

means of extensive flow charts in Appendix B. The complete FORTRAN listing of the

program is given in Appendix C. By necessity, the IBM 7094 version of the program

provided for the Flight Dynamics Lab is small because of core limitations. Never-

theless, with a maximum number of 34 plastic nodes available, a moderate size stress

concentration problem can still be run. An example of the output of the program is

given in Appendix D which presents the results of a two bole aluminum plate at only

three of the total of 150 load increments used in the solution up to a maximum

load of 18,000 lbs.

12



2.3 Results and Discussion

2.3.1 Finite Element Idealizations

For the planar structural aualyses of the present study, the finite

element approach was uses. The analysis technique, deucribed in Section 2.2,

requires an elastic analysis of the structure to be made in order to generate

the four influence input matrices for the plasticity analysis. The Grumman

COMAP-ASTRA.- structural analysis program was used for this purpose. The details

of this program will not be presented in this report but can be found in Refs.

5 and 6 . Three different finite elements, available in the CCI4AP-ASTRAL

library of elements, were examined and compared in the early stages of the study.

These included the constant strain triangular element, the constant strain

quadrilateral element (composed of four constant strain triangles), and a

linearly varying strain trJangle. The comparison of the three elements showed

excellent convergence properties for the linearly varying strain triangle a&W

somewhat slower convergence for the constant strain elements. However, the

quadrilateral has a decided advantage over the triangle because more refinement

in the grid si-e can be accomplished, for topological reasons, by using the

same number of quadrilaterals as triangles for any particular structure. At the

time when the york of the present effort was performed the COMA.P-TRAL program

did not have a matrix stacking procedure for the induced strmin matrices and

therefore considerably more data handling would have been necessary in using

the linearly varying strain triangular element. For this reason, the constant strain

quadrilateral element was used in all the parametric studies of this chapter.

In the case of the constant strain elements the induced strain mttrix reduces

to a straight-forward matrix multiplication and is easily accomplished in

COMP, which is basically a matrix manipu2ation package.

2.3.2 Rectangular Plates

The mathematical model used to study the effective width of a plate

which is part of a structural joint, as well as the effect of fastener spacing,

is shown in Fig. 4 L Due to ,y7=etry, only a quadrant of the plate shown

need be analyzed. Note that th' &rid chosen has a greater refinement near the

region of high stra!c ;radient, whiLh for this type problem is perpendicular to

the direction of the loai. The r.uiber of elements used in this idealization

13
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was 54. This Is close to the maximum of 60 allowed for the ION-360 version 1
of the plasticity program used, in which all computations are done in core.

Table I a&W Fig. 4 give the geometric properties of tLe six plate problems I
analyzed in this series. A graphical option in the input data, when using the

Grumman structural waalysis program COMAP-ASTRAL, permits the use of a graphical

check to the Input. Using this option to check the geometry and mmber data,

plots of the six plates were made by means of an Orthomat drafting machine as

shown in Figs. 5 and 6 . All the plates were assumed to be of 2024-T4

alumlium salloy having the stress-strain curve shown in Fig. 7'.

The output of the plasticity program includes all the nodal dis-

placements and all the element centroidal stresses (when using constant strain

elements) or nodal stresses (when using the linearly varying strain triangular

element) at all increments of loading. From these results both the load-

deflection characteristics and stress concentration factors of the structure can

be computed. For purposes of illustration of the analytical results, the net

section tangential stress distributions at various load levels are shown in
Fig. 8 for plate problem P 1.1. The mean net section stress is also indicated
in Fig. 8 at each level of load. The effects of plasticity are such that a

leveling in the peak stresses at the hole bouudary occurs as the load increases.

The stress concentration factor, which is the msaxlmu stress divided by the net

section stress, decreases with load as shown iu Fig. 9 . Note also from this

figure that the theoretical stress concentration factor is uaderertimated by

about 20% using this peatIcular idealization.

The lovd•-eflecticn charactariatica of plite Yjo. P 1.,

bhown in Fig. IQa. At any level in the loading the tangent to the load- I
deflection curve Indicates the stiffness, k, of the structure. This has been

plotted vs. applied load in Fig. lOb and shows a considerable drop in stiffness
at a load level above 7 kips. Data such as the above can be readily used In the

multi fastener joint analyses described in Refs. 1 and 2 which require the

spring rates of the plate between fasteners as an input. .

One of the objectives of the present study was the analytic determina-

tlion of the"effective width" of a strap in tension pierced by several holes.

The loal-deflection curve obtained by finite element anaylysis is us&d to determine

14



the elastic spring constant, k, shown in Fig. 11 for the three platet, with

an S/W ratio of 2. Fig. 32 shows similar load-deflection results for three

plates with an S/W ratio of 1. An "effective width" can be computed using the

relations: A E
k.e S

S(w - D e)t -w t

where, Ae Is the "effective" cross sectional area

E is the Ycung's modulus

S is the spacing of the holes or pitch

W is the distance between fastener lintas

D is the "effective diameter"e

W is the "effective width"
e

t Is the plate thickness

Using the values of k e obtained from Figs. 11 and 12 ,values of the
"effective width" were computed. The results are shown in Fig. 13 for the

six plates analyzed. It should be noted from Fig. 13 that as the fastener

spacing to diameter ratio (S/D) decreases, the "effective width" decreases

rapidly. At the "standird" spa•i•ig of 4D for example, the value of the

"effective width" is between 75 amd 90 percent of the original width for the
two S/W ratics shown. The corcs;•izn rn-luc of D fvr au S/ 4 o 4 is .,

for S/W = I and 0.6CI ror S/W = 2. This appears much lower than the 0,8D

recommended by McCombs et. al. (Ref. 1 ) as a semi-empirical value.

2.3.3 Plates Tupered in Width

A series of four tapered plate analyses were performed in order to 4

study the effect of taper in width on the stiffness characteristics of the

plate. A sumary of the geometric properties of the plates is given in Table 2.

The idealization used on this symmetric structure is shown in }ig. 14 using

constant stress quadrilateral elements. Orthomat drawings of the four problems

were made to check the geometry and monbcr data input. These are shown in

Figs. 15 to 18 . The four tapered plates are assumed to be made of 2024-T4

aluminum alloy and have the stress strain behavior shown in Fig. 7. No

15



yielding is Assumed below a stress level of 4O,000 psi. The stress distribution

across the two net sections of plate P 3.1A, as a function of applied load, is

shoun in Fig. 19 where the mean net section stress is also indicated. In

Fig. P0 the variation of the stress concentration factor with Increasing

applied load is shown. The same decreasing effect with increasing load

mentioned in connection with plate P 1.1 (Fig. 9 ) is obtained in this case

also. The load-deflection c¢aracteristics of the four plates are sua rized

in Fig. 21 . The effect of decreazing tapez -an1 the resulting decrease in

net-sectlon area shows a substantial reduction in the elastic moduluss ke, as•

the taper i decreased from 1:4 (P 3.1B) to 1:16 (P 3.3B) the k drops from

e ° ii
432,000 lb/in to 343,000 lb/in. Plate P 3M3B has a relatively low carrying

capacity compared to the other three, An examination of the development of

yield zones with incre'sing load as shown in Fig. 21 will explain this

behavior. At a load level of 5,200 lb. the yielded elements have transversed

the whole net section of the edge holes with the resulting reduction in

stiffness. The strain hardening modulus of 2024-T4 aluminum alloy is taken

to be 360,000 psi (Figo 7 ), which is approximately 30 tines smaller than the

elastic modulus, Etnce, when the net section elements have yielded, the overall

stiffness values will be very low compared to the elastic range stiffnesases.

'i
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CHAPTR 3 PRATES WITH 4k•DFD HOLES

3.1 Nonlinear Contact Problem - Elatic Analysis

3.1 1. Introduction

In a typical multi-fastener joint under load the stress dis-

tribution around a particular hole is very complex and depends on a variety of

gcometric, material and manufacturing parameters. This chapter treats the

problem of plates loaded by fasteners having either initial clearance or in-

terference. A basic assumption in the analyses to be presented is that the

stress distribution across the plate thickness is constant. This restraint

will be relaxed in Chapter 4 which analyzes the three dimensional effects

causing a non-uniform distribution across the plate thickness.

The load transfer from one plate of a joint to another through

a fastener creates a nonlir-ar contact problem. The reason is that as the load

in the joint changes the area of contact between the plate and the fastener

changes and hence there is gradual load redistribution. The amount of redis-

tribution is e fUnctiom of the load level and the initial amount of clearance

or interference between the fastener and the hole. Frictional effects also

play an important role on the area of contact* but for the present analyesis these

are assumed negligible so that the load dir otion at any point on the contact

surface is always assumed to be radial in direction. Only radial compressive
loads are permitted in the analysis.

3.1.2 Analytical Model

The mhthematical model chosen in order to Rtu)dy the l-e!!

effects of the load transfer and by-pass load around a single fastener is shown

in Fig. 23. This analysis assus that a zvgion around the fastener can be

isolated from the rest of the Joint (Fig. 23a) in which the stresses influenced

prixarily by the fastener are locolized. Another assumption is that thu plate

stru-ture is symmetric and is loaded sysmetrically as shown in Fig. 23b. The

problem is one where on a specified number of contact points iround the periphery

of the hole the redundant radial reactions must be determined for a given load

level and a particular initial fit condition.
Using the notation shown in Fig. 23b an expression can be

,written for the relativu rudial displacements between the plate and the rigid
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fastener. This expression takes the form:

[Ar1 = [A] {P] + [DL 1 (.1 +[DA) + {DBI (0O)

where,

L6 are the relative displacements or "gaps" that exist between

the plate and the fastener,

[A] is the flexibility matrix for unit radial load,

[P) are the redundant radial loadsvhich exist on the contact surface,

D LI are the relative radial displacements that exist in the statically

determinate structure (P a 0) for various loading conditions, fp),i
{S• load levels or loading conditions,

(DA] set of relative radial displacements caused by initial

ilearance or interference between the fastener eand the plate bole,

(D)B relative radial displacements in the statically determinate

structure caused by the applied by-pass load, P*.

The condition for cbttdning the redundants P is to set the relative radial displace-
men~ts to zero.

e0e = [A] (pi + [DL] [] + {DAl + rDB] (11)

---, .• -. .-L I, - (-
+ (r (DB(12)

If any of the P's are positive (tensile) these are put to zero. By a trial

a& error procedure the redundante are computed such that all are compressive

exm] the computed relative radial displacements cieate a compatible deflected

cornition between the plate and the fastener. The details of the various steps

used to generate the matrices needed for solving the cont&ct problem are given

in Appendlx Ix

3.1.3 Computer Program

The Iterative solution of Equation 12 Is accomplished by means

of the nonlinear contact program documented In Appenices E through H. Appendix E
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explains the use of the program. Extensive flow charts of the program are pro-

vided In Appenlix F and the FORTRAN listing Is given in Appendix G. A samplc

problem output is shown in Appendix H for illustrating the form of the output.

The case run is the aluminum plate Problem P 2.3 with fit condition C2 which is

equivalent to a 4 of 0.4 percent. The initili lack of fit indiceted in the

program refers to the percentage based on the radius of the hole, not the diameter.

Once the components of the radial loads are obtained as illustrated in Appenxdix H

for each load level, these are then applied to the plate structure to determine

the elastic stress and displacement distribution throughout.

3.1.4 Effect of Load Level and Fit on the Elastic Stres_ Distribution

(1) Aluminum Plates

Using the analysis techniques described in Section 3.3.1 and
Appendix I four Aluminum 4ointe loaded by means of a single rigid fastener

were studied. The geometric properties of these are given in Table 3.

0rthomat drawings, used as a means of checking the input, were mde and are

shown in Figs. 24 and 25 . Problem P 2.1 has the same ge oMe ry as the

double sheir single fastener Joints used in the test program and described

fully in Chapter 7. Results of the analysis to be presented in this section

coupled with the three dimensional effects caused by fastener bending and

shear given Ln Chapter 4 will be used as a comparison of the present analysis

with the experimentally determined load deflection curve.

The effects of load level and initial fit on the load distribution

at the contact su±rface between the fasteaer and the plate are illustrated in -_

Figs. 26 to 28 for plate P 2.1. In these figures the loads on the rigid

fastener are drawn vectorially to scale for three different load levels:

500 lb., 2000 lb. and 8000 lb. applied load. It should be noted that the

loads actirg on the plate structure are equal and opposite to those shown in

these figures. For the initial lack-of-fit cases it can be seen that as the

load increases the fastener deforms into the plate with the consequence that

more and more points around the periphery come into contact. The effect of

interference fit on the load distribution is to create a pre-compression on the

fastener or a pre-tension or hoop stresses around the periphery of the hole.

As the load of the fastener is increased the initial load distribution changes
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and for the smaller values of interference ( - = O.O04 and 0.02) the applied

load is enough to pull the fastener away from the top of the hole (Fig. P8 ).

The variation of the maximum tangential stresses at the net

section at different load levels is illustrated in Figs. 29 to 31 . Fig. 296D
gives the maximm tangential stress distribution for a clearance of -D . O.0o4

of plate P 2.1 and Fig. 30 gives the distribution for a clearance of 0.02.

The variationof tangential stress at a section @ - 810 for four different
interference fits is illustrated in Fig. 31 • These results although obtained

from an elastic analysis can still be very useful for generating stress

concentration factors needed in a fatigue analysis. The application of these

results to fatigue analysis of typical joints is illustrated in Chapter 5.

The stress concentration factors vary with amount of clearance and level of

load as illustrated in Figs. 32 to 34 for problem P 1.1 to P 1.3 respectively.

Note from these figures that the clearance increases the stress concentration

factor substantially and hence it may be anticipated that the fatigue life of

the Joint will consequently be decreased .

In the case of interference fit fasteners the stress concentration factor,

as defined in this study (maximum stress divided by net section stress), must be

modified. At zero applied load a substantial tensile tagential stress can

exist at the edge of the hole depending on the magnitude of the interference

ard the position around the hole. The method of defining stress concentration

factors for interference fit fastener was to use the net section stress, 0 net"

as follows:

anet = C0 + aappl. (13)

where,

CFO mean net section stress at zero applied load

aappl = mean ret section stress correspouding to the

applied load

Using this approach the modified stress coLc3ntration fsator for

plate P 2.3 with an interference fit = 0.004 was computed at six different

cross sections and plotted vs. increasing applied net section stress in
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Fig. 35. The results of F~g. 35 indicate that for a net section stress below

:•5 ksi the critical section is at 90 to the direction of load. As the load

increases, however, the critical section rotates by 900. This phenomenon can

be explained by the fact that at a net section stress above 25 ksi the fastener

has completely overcome the radial clamping effect of interference and is

beginning to pull from the top of the hole. This has also been observed ex-

perimentally in Ref. 7 •

SFor the same plate a ten times larger interference ( 0.04)

indicates similar trends but at much higher net section stresses as shown in

F Fig. 36. A plot of maxAimu modified stress concentration factor vs. applied

net section stress is shown in Fig. 3y for the same plate with three different

interference fits.

Another important aspzct of the plate with a single loaded fastener

analysis is the use of the plate "spring constant" as input to the study of three

dimensional effects (Chapter 4). The load-deflection curves of two of the

aluminum joints are shown in Figs. 38 and 3S% for all the different initial fit

conditions indicated.

(2) Titanium Plat'=s

The problem of a two fastener titanium joint in double

shear vas also analyzed using the contact problem program. The dimensions of

the outer plates of the Joint are shown in Fig. 40 together with the finite

element model used in the analysis. Results of the effect of different

clearances on the stress concentration factor are presented in Fig. 41-

with increasing net section stress. The effect of load on the strecs con-

centration factor with increasing load is not as large as in the case of the

aluminum joints (Figs. 32 to 34 ) which had a different geometry. The

results of Fig. 41 were used in Chapter 5 to compare the analytical fatigue

life predictions with actual spectrum test results. The comparison of these is
•. shown in Fig. 6! and the experimental work pertaining to the titanium joint

iS descr' .d iR Section 7.2.2.
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3.2 Elastic and Plastic Interference Stresses in Plates With Squeeze Rivets

3.2.1 Introduction

In order to increase the fatigue life of joints, a variety of tech-

niques have been proposed including the use of interference fit fasteners.

Several 2omercial fasteners using this technique have now become available.

The difficulty in using some of these fasteners, however, is the need for

special drills and tools for their installation.

A cheaper alternative is to squeeze a relatively soft rivet into the

joint hole under a large enough force to obtain appreciable plastic flow in

the rivet with enough radially outward bulging of the rivet to produce yield-

ing in a substantial region of the plate surroumding the hole.

When the squeeze force is released, the rivet and plate spring back,

with the radial spring-back of the plate tending to exceed that of the rivet

at the hole boundary. The result is to create an interference fit between the

rivet and the plate and a state of vesidual stresses in the plate which some

test results indicate gives a beneficial effect on the fatigue life of the

joint.

This study was undertaken in orde: to study the effect of material

selection and squeeze force on the resulting residual stresses around the rivet

hole.

3.2.2 Method of Analy'sis

As a first step Ln the so.lution procedure, a plastic analysis of the

plate, into which the rivet is squeezed, is performed. The specific analyses

in this section were made using a finite element plasticity program developed

for the government by Grumman and presented in Refs. 8 and 9 . Basically

the initial strain approach used in the inelastic stress and deflection anal-

ysis program described in Chapter 2 is used in this program also. However,

the program has additional capabilities in being able to handle complete stress

reversal into the plastic range (not merely elastic unloading). In addition it

can account fcr the Bauschinger effectjwhich in the case of uniaxial stress is

characterized by a reduction in compressive yield stress due to prior yielding

in tension and vice versa,and is thus significant for unloading and reversed

loading situations.
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The Idealization in the analysis is shown in Fig. 42 . The axi-

symmetric model, representing one quarter of the structure is composed of 144

planar triangular elements in which stress and strain vary linearly.

The rivet is assumed to be a cylindrical structure which fits neatly

into the plate hole prior to squeezing under high pressure. During squeezing

it is assumed to undergo plastic deformations based on the deformation theory

of plasticity. In Ref. 10 both incremental and deformation plasticity theories

vere used to study a shear lag problem in which the answers obtained by the two

theories agreed very well. The rivet and plate structures are coupled by means of

a semi-graphical technique described fully in Ref. 11. Easically the method

combines the stress strain behav:.or of the two structures at the point of con-

tact to obtain a compatible solution during maximum squeezing or subsequent

unloading.

3.2.3 Results of Analysis and Discussion

(1) Aluminum Plate with Aluminum Rivet

An elasto-plastic analysis was made of a 3/8 in. thick aluminum

plate made from 2024-T351 alloy. A 3/8 in. diameter rivet of the same

material was squeezed with a 20 kip force. The objective of this

study is to determine the residual stress distribution in the plate

when the squeeze force is removed.

The finite element solution for the idealization shown in

Fig. 42 is presented in Fig. h3 together with the solutions of

the coupled structure (plate and rivet). Fig. 43 shows the vari-

ation in the circumferential stress, a., at the hole boundary with

increasing applied radial stress, arI at the hole boundary during

loading and subsequent unloading from several values of ar" The

corresponding positions of the yield boundary for each of these

radial stresses is shown in Fig. hh.

It is seen from rig. 43 that yielding occurs when the radial

stress exceeds 2•,0Oo psi. As the radial stress increases beyond

23,000 psi the circumferential stress first shows a relatively small

increase and then begins to decrease. If the applied radial stress
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is then reduced, the plate first unloads elastically, along lines

parallel to the original elastic loading. Fig. 43 shows the

straight line elastic reduction in circumferential stress. As the

unloading r.roceeds, the initially tensile circumferential stresses

change Pign and become compressive. Further unloading can cause

theze circumferential compressive stresses to become large enough

to result in yielding opposite to that which occurred during loading.

The effect of yielding during loading on yielding in the opposite

direction during unloading is accounted for by assuming an ideal

Bauschinger effect. Still further unloading causes additional

yielding, with a consequent reduction in the magnitude of the cir-

cumferential stress at the hole boundary as shown in Fig. 43 •

A plot of the variation of circumferential stress with distance

from hole edge is shown in Fig. 45 for the peak squeeze force con-

dition (ar = 53.2 ksi) and two levels of unloading. The curve for

rC•r = -38.5 ksi is the solution taking into account the plate-rivet

interference. The curve for complete unloading to ar = 0 and the

rivet removed, including the BEaschinger effect, is also shown.

(2) Titanium Plate with Steel Rivet

Residu1al stresses were evaluated for the case of an annealed

titanium plate (Ti-6 Al-6V-25n) into which a 3/8 in. A286 steel rivet

was squeezed with a 66 kip force. The plate has the same configur-

ation as the aluminum plate in the previous problem. The variation

of the circumferential stress at the edge of the hole with incress-

ing radial stress and subsequent unloading from 3 levels of radial

stress is shown in Fig. 46 . The yield surface boundary for these

same levels of radial stress is shown in Fig. 47 .

The relationship between applied squeeze force and the residual

circumferential and radial stresses at the hole boundary is shown in

Fig. 48 (a) and (b) respectively. Two curves are shown in each

case to account for the fact that the applied squeeze force is not

known exactly since all the force is not transmitted to the shank of
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the rivet. In the present analysis it is asbumed that the axial

stress in the rivet shank is somewhere between one-half to two-

thirds of the nominal cqieeze stress, P/A. This assumption appears

to be reasonable in the case of protruding head rivets.

in Fig. 49 the computed interference fit, 0D, (the change in

the rivet diameter) is shown as a function of the squeeze force for

the same two assumed values of t - :al. rivet shank stress used in

Fig. 48 . Since the interference ias a direct relation to the bene-

ficial effects gained in improving fatigue life, a plot such as

Fig. 49 can be extremely useful. From it, the necessary squeeze

force to obtain a given interference can be read directly.

The computed interference for the titanium plate showi; in

Fig. 49 is compared to some experimental results obtained fron

the Grumman Corporate Titanium Program. The experimental values

were obtained by measuring the diameter of the rivet before squeez-

ing and after the load is removed. To get the final change in dia-

meter, the rivets were .-ut free of the plate and measured at vari-

ous locations along their shank. These experimental results cannot

be compared directly to the computed curves of Fig. 49 because they

weie oUtained using cauntersuinr rivets that were squeezed into a

Ti-6Al-4V annealed plate. Nevertheless, they do indicate a trend

similar to that of the analytical results.

3.2.4 Conclusions

The nature of the plate circumferential residual stresses caused by

squeeze rivets can change depending on the magnitude of the squeeze force and

the type of rivet material used. Interference f~.t fisteners, however, gener-

ally create tensile tangential residual stresses by expanding the hole into

which they are applied.

The results shown in Fig. 48 for the -1tanium plate problem can be

very useful in controlling the squeezing force dui'.ng manufacture. For the

particular materials and geometric properties chos :n, Fig. 48 gives the range
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of expected circumferential and radial residual stresses In the plate at the

hole boundary. These stresses can be used in predicting the fatigue life of

the joint.

From Fig. 49  it is seen that the method of analysis can be a val-

uable aid In predicting the amount of interference to be expected. By corre- I

lating the interference to the joint fatigue life through testing, the results

of Fi6. 49 could be used to indice~te appropriate values of squeeze force

needed to achieve the desired interference fit.

It is concluded from this study that the squeezing technique can be

useful in increasing the fatigue life of joints and further correlations with

fatigue tests should be made. Of particular interest would be a test program

using protruding head rivets to measure the interference fit caused by differ-

ent values of the squeeze force. The protruding head rivet with a cylindrical

shank of constant cross-section corresponds closer to tbr three dimensional

model used in the present analy'sis. Attempts to evaluate the actual rivet

shank stress during the driving operation should also be mace.

2.
1.
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CHAP= 4. TM DDWSIC(AL EFTS CAUSED BY FPq- M BI•IDING AND SHEAI -

4,1 General

Because of the extreme complexity of the general nonlinear three

dimensional mechanical fastener problem, the preceding analyses were

directed towards obtaining strictly planar solutions. These planar

solutions might be considered applicable to the plates in a symnetrical

double-shear joint, in whicb the nominal stress is uniform through the

plate thickness. The planar solutions might also be assumed to apply to

individual thin layers in single-ahear Joints (in which the nominal stress

varies linearly through the plate thickness) provided that the layers are

chosen sufficiently thin to put each individual layer in a planar stress

condition.

In obtaining the planar solutions the effects of fastener shear and

bending deformation and fastener rotation were assumed secondary while

the fastener was taken as both rigid and cylindxical. In addition many

other effects such as fastener head shape, countersink, clawp-up force, and

contact friction were also neglected. In this section, the •-luens e of

fastener deformation on stress distribution through the plate thickness

and overall joint load deflection characteristics are estimated by means

of an engineering-tvne ajprcxi-m*ti. In this treatiasnt, the fastener is

assumed .to act as a short beam with either shear or bending deformations

present, but not both existing simultaneously.

The fastener-plate interaction is idealized as a beam resting on n

continuous set of mutually uncoupled springs such that the bearing forces per

unit of axial length are directly proportional to the fastener's transverse,

centerline displavements. The assumption that the springs are not coupled

is equivalent to assuming that the plate's transverse shear stiffness may

be neglected, and different layers in the plate slide past each other freelvy.

Solutions for the load distribut on of a fastener in both siLngle and

double shear are obtained -or the linear spriag rater, obtained in Chapter 3.

A more detailed nonlinear analysis of the current beam-on-elastic-foundation

idealization is presented :in Appendix J. This more detailed analysis outlines how

one may irclude combined shear and bending effects simultaneously, both nonlinear
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and nonuniform spring rates, as well as nonuriform beam effecte (such as

those &risirn from tapered sh"nks or counLtersunk heads).

Numerical results are presented for the simplified linebr beam bending

and shear theories with clamsped and free conditions at the fastener heads.

The ratio of' ma;:imum bearing etress to nominal bearing stress through the

sheet thlckness is plotted as a function of fastener-diameter to sheet-

thickness ratio for several joint configurations. In addlt.o-., exper-imenta.1ly

determined joint load-deflection curve data are compared with the analytical

predictions based upon the method of this chapter.

4.2 Structira3l IdealizatJon

For many engineering applica;:oL16, the problem of a beam iu.eracting

with an elastic medium can be treated by adopting the Winkler hypothesis

w. ich 3tates that thc local transvcrse besa; csplacer.-nt il directly propor-

tional To the local load intensity per unit of length. The loadE and displace-

ments are rcla J through the "foundation modulus", h. '.Z- clasuical tresment

of the problem, ir which oily be=m betting effects are included, it dis'-uassed

In many texts (e.g. Refs. 12 and 13). In a more in-deptn treatment of this

subject, Hetenyl, P:-'. 14, demonstrates that its appllcability to foundationI

with shearx contiwnuty, cuch as the lates comprlsl.ig our joints, i1 creater

with increasing 1 ./ stiffizese ratio and that it yields results which

are closer to the more accurate three dimensionul case (i.e. b-3am on a three-

dimensiornl half-space) t:han does a two-diaensional (i.e. beam on a two-

dimuenilon' I half-spaece) elasticity solution.

TiLob,,enKo, Rif. lf, dinstinguishes among three groups of beams which include
berinlrng effects only: "short" (R<L.6), "medium" (0.6:L<5.0) and "long'!
(ýt>5.0)where £ Is the t;eam length and

k

beam

For sho-t beLme, which correspond to T.ni. present idealization of the

fastener, Timouheaxko claims that bending can be entirely ignored e.d thai

the Oe"Pz can be considered &!s absolutIy :ifld In comparioon with the

fou:, ation. Plo0verv, it 1, well kno that Lshear cffects arc eneeraly W-r,
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important than bending effects for short beams and so a higher order beam

theory* should be considered for such applications. Crandall, Ref. 15,

Essenburg, Ref. 2.6, and Hess, Ref. 17, have treated various more accurate

beam theories in conjunction with a Winkler foundation. Their results

show that for softer foundations, E/k > 1 (which corresponds to the fastener

problem), shear effects in the beam decrease in importance and the behavior

of the beam approaches that predicted by elementary beam theory.

The present section attempts to estimate some of the higher order

effects associated with fastener flexibility. To achieve this, two simplified

beam theories which separate the bending and shear effects in the fastener,

are used. In concluding these preliminary remarks, we note that the

remarkably wide range of practicability of the elementary beam formulas

stems from the fact that these formulas provide excellent approximations to

the elasticity solutions in a large number of problems, Ref. 18.

4.3 Beam Equationb

The most elementary and useful beam idealization which includes the

effects of both bending and shear is called the Timoshenko beamnRef. 19. In a

ryanner similar to that used in elementary beam theory, this theory assumes

plane sections before loading remain plane after loading. However, unlike

simple bending theory, the normjal to the beam center line, at any given section,

before loading , will differ from the normal to the deflected center-line,

after loading, by a shearing angle,B, caused by the local shear, Q. The

relationship is expressed by

Q (14)

where G is the material's shear modulus and A is the beam cross-sectional area.

* The various technical beam theories are engineering approximations to the
mathematically precise theory of linear elasticity. The technical theories
which include shear-deflection,excluded in elementary beam theory, are
generally referred to as "higher-order" beam theories.
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The parameter ) is dependent on the geometry of the beam cross-section

and relates ý to the nominal average shearing engle of the cross-section.

For circular cross-section beams, Cowper, Ref. 20, gives

X 6 Cl 4 V)
(7 + 6(15)

i here v is Poisson's ratio for the beam material.

The linear equilibrH,'Lfequations fcr a beam element, regardless of

vbich beam theory is ubed, (reference Figure 50a)

a = (16)
d~x

3 + q o(l)

where M is the interral moment, q is the external loadinC per unit of

length, and x is the axial coordinate. For a Winkler fourndation with spring

modulus k we have

where y is the transverse deflection relative to a rigid portior of the

foundation. The usual linear beam hypothesif of plane section behavior

yield s

M di
Cix (19)

whEre T! is the rotat_ a normal to the beam center line caused by

loading, (reference Figure 50b). If vere zero, ' an d_! would coincide,
dx

Hdence, from purely hinumutic ccnuiderations

A ._(20)
3.0



Combination of Eqs. ( 14) through (20) yields the appropriate Timoshenko beam

equations for interaction of a circular cross-section beam with a Winkler

foundation. It should be noted that up to this point no assumptions as to

property variation along the beam have been made. Therefore, to further

simplify the problem, the assumption is made that EI, k and GA are indepen-
dent of x (the more general case is discussed in Appendix J). The reEalting

equation is:

dx dx2 El

Two simplified cases, the first corresponding to the classical beam theory

in which shear effects are ignored, and the second corresponding to pure

shear theory In which bending effects are ignored, are considered below.

4.31l Classical Beam Bendiig Theory: Ignoring shear deformations (i.e. 0 - o)

is equivalent to setting the shear flexibility (X GA) -, to zero in Eq. (14).

Once this is done, the classicial beam on elastic foundation equations result:

dx

"A £

2 Y (22b)
dx

4 y =o0 (22c)
dx El

The general solution to Eq. (22c) takes the form

y -cosh 3~x (A coo ýx + B sin -ýx) +

sinh Tx (C cos 7x + D sin x) (22)

where the values of A, B, C and D are determined by boundary conditions on

the beam and the solution for 4' may be obtained bj differentiation of the

solution as indicated by Eq. (22a).



U

4.3.2 Shear Bean Theory: In a manner similar to that used in eliminating

shear effects , beam bending deflection may be eliminated by setting the

bending flexibility, (EI)l, to zero. Eq. (19) giveG:

d-9 . 0(23a)
dx

Differentiating Eqs. (14) and (20) , and su'stituting into Eqs. (17) and

(1S) givec:

2 (23b)
Lx- - y =0

The general solution to Eq. (23b) is

y = E sinh yx + F cosh Wx E(23c)

where Y )=

and E and F may be determined by again satisfying the boundexry conditions.

The solution for * is readily obtained by integration of Eqs. (16) and (23a)

between limits xI and x a, and substitution of Eqs. (14) and (20) to yield:

M2 ).f- ((X2 - ) 'k -y 2 +y) (23d)

where, M =M(x = xi), yi = y (x = xi), i = 1, 2

Particular solutions of the beam bending and shearing cases are

given in the following subsections.
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4.4 Fastener in Single Shear

4.4.1 Fastener with Negligible Head Stiffnesa

To demonstrate typical results from application of the above idealiza-

tion to a fastener in single shear for an anti-synmetrical structural joint
*

(see Figure 51(a) , sevural cases are investigated below.

(1) Ben g Thneory: Tne boundary coaiitions associated with Eqs. (21) are

Q (O) = Pop M (O) =0, Q (t) - 0, M (t).-O.

The resultant bearing load distribution on the plate (and fastener) ia

- 7T PO -

t isnh Ot cos Ox cosh (t x) - sin Ot cosh 15x cos 1 (t.- x)

Binh- ot - s-in It

(2) Shear Theory: Applying the same boundary conditions as for the bend-

ing theory to Eqs. (23) yields

it atih ~-x-v cosh -,{t-x)

-O r0  anh sinh lyt + 2(1-.-osh yt) ~ (5

(3) Rigid Fastener: Foi a rigid beam, force and moment equilibrium

considerations yield

(26)-Po/t PO t

It should be noted that both Eqs. (24) and (25) can be shown to approacht

E•q. (2 6) in the l-m-it as the fastener becomes essentially rigid compared

------------------------------------------------------------------------------------
* Note, that although the springs in Figure 5 1 are pictured as compression

surings acting at the bearing surface of the fast _ier, the spring cons uant
is actually dependent upon the overall elastic properties of the plate in

a complex state of stress involving both tension and compression.



to the foundation. This result mak be achieved through consideration of

the series-expansions of the cosh and simh functions, letting y and

approach zero, and performing appropriate limiting processos.

Numerical results, corresponding to Eqs. (24) through (26) , for

a typical set of parameters are presented in Table 4.

As can be seen from Table 4, for the realistic parameters employed,

the fastener performs in an essentially rigid manner and, both shear and

bending effects, acting separately, cause only a slight perturbation upon

this behavior. However, shear flexibility is the mere important factor of the

two since its effects are an order of magnitude greater than those due to

bending for the parameters used in Table 4. Therefore, in the subsequent

solution for the clamped head fastener in single shear, below, principal

attention will be given to the solution of the shear beam theory, since it is
anticipated that bending effects are negligible.

4.4.2 Fastener With Clamped Head

It should b'ý noted that the assumed highly-flexible-heed performance of the
previous configuuation permits an overall cocking action of the fastener

relative to the plate, provided the plate has negligible transverse shear

stiffness (as wa3 initially assumed). However, if the fastener has stiff

head-attachments which tend to clamp the plate locally, then the fastener in

pl-cvnte, from :.,tatirg at the ends relative to the plate. Thus, the limiting

case becomes ' 0 at the ends of the fastener. In addition, the head is

assumed to exert no net shear opon the fastener, Under these conditions,

the resultant bearing load distribution on the plate and fastener using shear

beam theory is:

orrets cndt-x()

and the corresponding rigid fastener solution is qt/P 0  1. ResuJ'tn are

presented in Table 5 for the same typical paramters as were used in

Table 4 .
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4.5 Fastener in Double Shear

The idealization considered for the fastener in double shear

(Reference Figure 52) is to divide the top half of the fastener into two

shorter beams joined by appropriate compatibility conditions. For the

symmetrical case, the shear beam theory yields % as constant (from Eq.

(19). Therefore, for the syamnetrical case, '- 0 regardless of head effects.

The colution for this case Is obtained through solution of Eqs. (23)

together with the boundary conditions:

t (t
Q (0) o, Q )=PJ2, Q + 2) 0,

qtI aosh Y1x tI

and is given as as y !9

q(2t 2 ) cosh 2 ( + t 2  x)
- ~ -Y sinh)' -- + t2  (3b22 2

where ' /2

The corresponding bending solution with free and clamped heads is

obtained from the general solutions t1

y-C coGix coshjS + Csinx sinhy • i• 9 x ! - (29a)
1 l1ý 2 112and Y = cosT2 x (C3 cosh + C4 sinh e2x) + sin 62 x (C5 cosh ý2x +

C6 6'a'~i t1  t

2 2t5
vhere x =7- + t2-;
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The constants C1 and C2 may be determined through the boundary

conditions
(t + t2) p

0 1 2P0t 1M(O) and T =-

The constants C3 thrcugh C6 may be determined by the boundary

conditions QýO) - 0, ad M(X=O) = 0 (for a very flexible fastener) or
<==O)=o (for ei rigidly clamped fastener head), and compatibility conditions

on Q and 'kat x-t 1.

Typical numerical results using Eqs. (28) and (29) are presented in

Table 6. It should be noted that although the shear theory produces

greater fastener flexibility effects, the difference from the bendin4

theory results are far lesb pronounced than was the case for the fastener

in single shear. This indicates that fastener bending is as important a
factor as shear is for such configurations.

4.6 ParametrLe StudL:"

The ratio of peak bearing stress for a flexible fastener versus peak
bearing stress for a rigid fastener ma- be employed as a stress concentration

factor to account for variations in b'",ing load through the plate thickness.

A series of bearing stress ratio cur"-ý3 as functions of fastener diameter to

plate thickness ratio are presented in Figures 53 and 54 . Results for two
values of E/k, which represent approximate practical limits for this parameter,

are presented. As can be expected, the stiffer fastener to plate ratios ('.eL

higher E/k) and larger D/t ratios yield results which approach those for E
rigid fastener.

It should be noted that the bearing stress in each plate lamina is a
measure of the two dimensional stress state level in the lamina, as given in

Chapters 2 and 3. Thus, the bearing stress ratios presented in Figures 53

and 54 may be viewed as stress concentration factors, caused by fastener

flexitility, over and above the plate stress concentrations resulting from the

purely ýwo dimeusional plate-fasten2r considerations of Chapter 3.
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S4.7 Comparison of Tests vlth Theery

Overall joint flexibil.•tle for single fasteners in double shear, for a

given gage length, vere determIned both experimentally and by the methods of

this section. A series of 15 tý:ste were performed on aluminam-plate, syr=;et-

rical, double-shear lap Joints using titanium fasteners. Pwelve (12) of these

specimens were Joined by loose fitting fasteners arn the remaining three (3)

by interference-fit fasteners. A more complete description of the tests and

parameters Investigated, such as plate friction and fastener cltmp-up, is

presented in Chapter 7.

"The analytical model used for comparison purposes is the shear beam of

Section 4.5 (Eqs. (28) and Figure 52). hovevc'r, since the elastic fouzsa-

tion supports for the center and outside plates are assumed fixed in that

model, we must add rigid body displacements tc each segment idealization

to obtain the total Joint deflection, 8,. fhis is equivalent to obtaining

the differences In displacements, relative to the fastener, of the four~ations
t.

in the center and outside plates. iu the planes common to both (i.e. x =

Thus,

Y, y1 (y - (x =~.

whiac by virtue of Equations (28) yields

P0

2XGA 'ytanh Ytanh t

Since the -plates Joined in, the tests wers of the same mater-l

and the thicknesses satisfied the relationship

tI 2t2

tl 2½

Equation (30) reduces to

-77
1ý tanh

I2
|4



Thus, the effective joint stiffness, ker becomes

POý( k tan h .--
kel = -- = __31

eff 61. lt&R (31)

whicL: •n the ilmi-t,, as the rai•o of plate sLiffnec.s (k) to fabtener

etiffnei, (OA.) approaches zero, becomev
kt1

ef. (32)

EquatierE (31) and (32) were us:6d to generate effective stiff-

nesr.ev for both titanium an sel fosYeLers jolning aluminum plates.

"'be plate stiIffness was varied to 4ccount for various conditions of fit;

i.e. loose, nLat, ai interference. aumerical results for these cases

are presented in Taole 7 adi the correepeairg stiffness for the lineapr

portion of the experimental recults (kunzArIzed from Appendix K) are

presented u Table 8.

The last three columns of Table 7 show the effect of increas-

ing the fastener to plate stiffress ratio, as well as the relative

importance of including the three dimensional effect of fastener flexi-

bility upon the overall joint stiffness. However, it shoa2.d be noted

that the effects of fastene:-to-hole fit, which can be observed by

comparing the loose, neat,and interference fit results, n:t. more 1g-.

niflcan-t in establishing the Joint's net compliance.
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A comarison of results between Tables 7 and 8 reveals excellent

agreement for the loose fitting titanium fasteners and good agreement

for the interference fit titanium fasteners, However, it should be noted

that the variation of measured resalts from test to test, for similar

conditions of fit, varied significantl3y and, that Table 8 gives only

average values. In addition, the defliition for the elastio plate modulus,

ke, is somewhat arbitrary in the case of the interference fit fasteners

(Fig. 75) because of the highly non-linear nature of the virgin load-

deflectioni curve for all levels of loading. (The method used in obtain-

ing the ke values for these types of curves was to define k to be the
e e

secant modulus to an arbitrary value of the load level equal to 1/3 of

the ultimate load, Pu, sustained by tne joint.)
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CAP-VER 5 APPLICATION OF RFSUILS TO FATIGUE ANALYSIS OF JOINTS

5.1 Introduction

The fatigue strength of a discretely fastened joint is dependent to different

degr-ees on various parameters within the joint. Of major importance to fatigue

life is the magnitude and range of stress and strain at critical points within

the joint. The stress distribution is largely related to joint geometry, but

is influenced to sigrificant degrees by various other parameters, such as type

and order of loading, clamp-up forces, variationin fit between different

fasteners in a multi-fastener joint and clearance or interference between

fastener and hole. Fatigue strength is also influenced by fretting, which can

occur as a result of relative movement between fastener shank and hole surface

or between the inner and outer members of a joint. This phenomenon is difficult

to include in a fatigue strength calculation, except by the use of empirically

determined fatigue strength reduction factors. The effects of in-plane loads

induced by frictional forces due to clamp-up are also difficult to assess

except by experimental procedures.

Of the many factors which affect the fatigue life of a mechanically fastened

joint, clearance or interference between fastener and hole is one of the most

important. In addition, it is also a joint parameter that can be controlled

in design and manufacture. Fatigue tests have shown that fatigue life is gen-

erally reduced as a result of increasin& clcarance, and improved when there is

an interference fit. If the degree of reduction or improvement in fatigue life

is reasonably well established it is possible to use various fits to advantat

For example, increased hole tolerances in certain areas may -esult in a saving

in production costs. Also, the necessity of otherwise using interference fit

fasteners to increase fatigue life can be evaluated.

The present investigation is, therefore, largely concerned with the effect

of changes in stress distribution due to geometry and fit, as they influence

the calculation of fatigue strength. Except as inherent properties of the
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test results, fretting and clamp-up are neglected.

Scme exnmples of test data demonstrating the effect of clearance and

Interference are presented in References 23 and 22 for constant amplitude

loading. However, the number of systematically run test programs to evaluate

the effect of clearance and interference fits on fatigue life is limited, and

such data as are available are usually confined to constant amplitude tests

where residual stress effects are not present to complicate the results. In

spectrum fz tigue loading, the effects of residual stresses induced as a result

of high loads in the spectrum must be considered.

In the application of the results of the present study to the fatigue

analysis of joints, two specific Joint configurations have been considered.

The fatigue life of these joints has been investigated for conditions of clear-

ance and neat fit, for typical aircraft maneuver spectrum loadings. In addition,

constant amplitude fatigue life predictions have been made for conditions of

neat fit and interference on one joint configuration. The methods of fthtigue

analysis are described in the following section.

5.2 Method of Fatigue Analysis for Joints with Neat Fits and Clearance Fits

5.2.1 Constant Amplitude Loading

The fatigue life prediction method of Reference 23 which has been

used in this analysis is based on the strain cycling concepts of Manson, Peterson

and others (References 24 and 25 ), who employed constant strain amplitude,

fZi.• r=versnd r'trtin dc.incf Thte ýo es+.-'-"'.h relationships betwein total

strain amplitude and cycles to failure, for unnotched specimens tested in fatigue

at zero mean stress. The method of Reference 23 gives a procedure for extend-

ing the approach to cover cases other than zero mean stress. In using the method,

the basic assumption is made that the material at the edge of a hole or other

stress raiser will fail in fatigue at the same life as an unnotched specimen

subjected to the same strains. It is therefore necessary to establish the

strain range at the critical section of the notch. For a given load cycle,

stress-strain variation at the critical fatigue section (generally the region of

maximum stress concentration) is established using several approximations. The

procedure is illustrated in Figure 55 , for the condition in which the applied

maximum stress is tensile, and the minimum stress ii zero in the fatigue cycle.



For values of mini.u-) applied stress other than zero, a modification of this

procedure is given in Reference 23. The nominal applied stress in the loading

cycle varies from 0 to f,,. (Figore 55 ), Point A. The corresponding stress

at the notch root is assumed to vary fru 0 to a ,max (point B), where amax

is given by the expression K f (33)

Kfp is a plaetic stress con,:entration factor calculated by the Stowell

formula (Reference 26). The strain, Emax, correspording to 'max' is

obtained from a cyclic stress-strain curve similar to Figure 56. When the

section is unleaded, thd material at the edge of the notch Is as3sumed to unload
in two stages. In calculat'ng the first stage from the point B to the point C,

the elastic part of the unload cycle, use Is made of the Neuber factor, K

which is given for a circular hole by the formula:

,(34)

where KT - elastic stress concentration factor

a - material const.ant

p = radius of hnle or notch

The elastic unload stress increment is given by the expression:

Aal
.. 2

with a corresponding unload strain of: .(36)

To determine the remaining Part o. the unloading cycle at the notch (to point D),

it is assumed that the material follows the same cyclic 2tress-strain curve as

during initial]Dading, and that the strain at the notch will decrease ty an
e

additional amo.unt: e2 = max (3*)0
2 2

with a corresponding stress increment, A , obtained from the cyclic stress-

strain curvu. +1 +

The strain amplitude at the notch will be: (38)

The minimum stress at the notch, at point D, is given by:

Cli (Aa + (Am
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The mean stress at the notch will be:

ax + () 0)

Subdequent applications of the same load cycle are ass'•ed to follow '.he same

loop, i.e., D,B,C,D ehown in Figure 55. At the end of the loading cycle (at

point 0D), there will be a residual conpressive stress at the notch, which is

equal to Cinn (Eq. 39). This residual stress may havc a sigiificant

beneficial effect on fatJgue under spectrum loading, as discussed in Section
5.2.2.

In calculating fatigue damage, use is made of constant amplitude, fully
reversed strain cycling data. The calculated strain amplitude at the notch,

C a, is therefore odified by the uie of a Goodman type correction, to
obtain an equivalent -full rev.ersed strain amplitude.

•ta (1,i)

where
C - equivalent fully reversed strain amplitude; ea - strain amplitude;

cr, = mean stress in cycle and Cyf stress at fracture for the material

The life -s then obtained by entering the str.I-n-life curve for the material.

Such a curve for aluminum alloy, 7075-T6, is shown in Figure 57- The life

of the element is then determined by applying Miner's linear damage rule:

'I 1 (42)
5.2.2 Spectrum Loading

Th. :..•ti.dtbr predicting ">. fatigue life or a Joint •.dJected to spectrum

loading is basically similar to that used for predicting constant amplitude

fatigue life. The cyclic strain amplitude corresponding to any particular load

level in the spectr~um is determined exactly as for the case of constant amplitude

loading, independent of the previous load levels that were applied. The cyclic

mean stress corresponding to any given load level is also independent of the

previous loading histcry, provided that the previous applied loads were 1l1

equal to or lower than the subsequent loads. If, howcver, any or the previous

applied loads were higher than the subsequent applied load, then relatively

large residual compreasson stresses remaining from the previous higher loads

would ýend to reduce the cyclic mean stress In the subsequent load cycles. The

amount of this reduction is directlyv related to differences in residuýl stress
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hv.ls,as explained in Ref, fence 23.

In general, the types of assumptions made in the empirical fatigue analysis

Procedurcs described above, both for constant amplitude loading and for spectrum

lo'ading, were based on qualitative, physical reasoning. The specific details,

however, were determined so as to obtain a best fit with available fatigue

test data. Further discussion is given in Reference 23.

5.3 Method of Fatigue Analysis for Joints with Interference Fits

In the case of Joints with neat fit pins or with pins having positive

clearance the fatigae analysis method described in Section 5.2 gives generally

satisfactory results. One of th: principal rc-.ns for th'.3 in that for initial

loading into the plastic range, the use of the Stowell formula for determining

the plastic strains and stresses at the edge of a hole with a known elastic

stress concentration factor, will give sufficiently accurate results in such

Joints. Subsequent unloading is largely elastic and can, therefore, also be

determined with good accuracy.

In general, the Stowell formula applies quite wtll to cases where there

is no InitiS, ,9elf-balarcing system of stresses, such as those resulting from

the use of a pin with an interference fit in a joint. However, for Joints

with interference fit pins the plastic stresses and strains that result frzn

the combined effects of interference fit loads and applied loads cannot be

accurately predicted with the use of the Stowell formula, especially for large

interferences which cause local placticity cyon before any external loe. is

applied.

Because a sifrple, reasonably accurate procedure has not yet been developed

fo-r ....r ...m4 th- plactic straasz and strain& around tne holes in a joint

with interference fit pins, a much simpler version of the fatigue analysis

procedure described in Section 5.2 has been used to determine, at least

qualitatively, if not quantitatively, the effects of different interference fits

on the fatigue life of a joint. This simplified procedure makes use of the

elastic strain distributions shown in Tables 9 through 12 , in conjunction

with the cyclic stress-strain and strain-life curves shown in Figures 56 and

57. This procedure cau be illustrated by considering the elastic stresses

(Table 12) at e = 810 (Fig. 58) for a point on the hole circumference in the

aluminum alloy joint of Fig. 68.
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Auwun1ing an elastic moduius of E - ]0 x 102 psi for simplicity, the elastic

strain amplitude at e - 810 when cycling from no load to an 8000 lb load is

0.00375. This elastiL strain amplitude is then modified to accoutiL for mean

stress effect by the use of the Goodman type correction uiscussed in Section

5.2.1, thereby obtaining the equivalent fully reversed strain amplitude,
The value of aY is obtained by determining the average of stresses correspond-

ing to the maximum and minimum elastic stress ii the cycle from the cyclic

stress-strain curve for 7075-T6 aluminum alloy (Fig. 56). In this case, the

elastic strains are 0.01087 and 0.01837, the correspondli,, a0 ecses are 60 ksi

and 71 ksi, and the mean stress is 65.5 ksi. The resulting value of et

fron Equation 41. , is 0.00935. The fatigue life at @ - 810 obtained by enter-

ing the fully-reversed strain-life curve (Fig. 57) with this value of et

is 1200 cycles.

It should be emphasized that this simplified fatigue analysis procedure
can be regaided as giving only ....... tive results, Ud it may be conciuded
that improved methods for determining plastic stresses and strains in joints

with interference fits are needed to obtain good quantitat 4 ve results.

As will be discussed later in Section 5.4, interference fits result ini

mon-linear variations of edge-of-hole otresses with appiied load (the actual

variation approaches & bi-linear variation). Also, the initial Interference

stresses may vary considerably around the hole circumference, depending on

tnP .i•• ÷t ... eet_. T-^. reult i.• that. e~recialV_ under ctr... t,. .izii

conditions, it may be necessary to examine sex eral locations around the cir-

cumference to determine which is fatigue critical.

5.4 Discussion of Results

5.4.1 Joints with Clearance Fits

Figure 59 shows the calculated fatigue life for clearance fits in an

aluminum alloy joint similar to that shown in Fig. 68 with a 3/4" Dia. fastener

(See also Fig. 24). The fatigue analysis has been performed for a typical

maneuver loading spectrum, to a zero 'g' base, using the method described in

Section 5.3. Four conditions of fastener-hole fit are considered, i.e. neat

fit, 0.4% dia 2.0% ('.i and 4.0% dia. The curves show the variation of service
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life with l,.iit stress level in the spectrum. For a limit stress level of 35 ixi

(a typical design stress level for a 7075-T6 aluminum alloy wing) results in-

dicate that fatigue life decreases as a result of going from a neat fit to a

clearance fit. Much of the reduction in life occurs in the range between a

neat fit and a clearance equal to about 2% of the pin diameter as indicated in

Figure 60 where service life is plotted against % clearance for a constant

limit stress level. Similai indications are evident in the constant amplitude

test data of Reference 21.

Figure 61 shows a similar calculation for a 6A1-6V-2Sn titanium alloy joint

(Figs. !79 snd 39). together with a limited quantity of test data. The joint

represents a configuration used in a particular design investigation, in which

a number of specimens were tested to a simplified fighter aircraft maneuver

3pectrum, (scmewhat more severe than that used for obtaining the curves in

Figure 59 ). Test data for clearance of 1.2% and 2.4% diameter are presented.

Considerable scatter is evident in the test results. Fatigue predictions show

t aignificant reduction in life in going from a neat fit to a 2.4% dia

clearance. At a limit stress level of 90ksi, for example, the calculated life

is reduced from 18700 hours to 12000 hours. The reduction is less than that

calculated for the case of the aluminum alloy jotnt previously discussed (the

curves in Figure 59 indicate that at a limit stress of 29 ksi, the life of

the aluminum joint would be reduced from 19000 hours for a neat fit condition

to 3300 hours for a 2.4% clearance condition), but this is mainly due to

the joint configuration, Rs reflected in tbA stress concentration factors shown

in Figures 33 and 40. The fatigue predictions for the titanium joint

show good general correlation with test data.

5.4.2 Joints with Interference Fits

As discussed in Section 5.3, a simplified approach has been used in

fatigue predictions for the interference fit casea. The aluminum alloy Joint

discussed in Section 5.4.1 has been analyzed for constant.amplitude cyclic

loading. The neat fit, 0.4% and 2.0% interferences have been considered, and

the results are presented in Figure 62. The calculations show the fatigue

strength at a point on the hole circumference at 81* from the axis of applied

load.
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It should be noted that the curves for 0.4% interference and 2.0% inter-

ference show increased fatigue life over the neat fit for the entire range of

net section stresses considered. However, a comparison of the degree of im-

proveDermt in fatigue life between the 0.4% and 2% curves indicates that larger

increases in fatigue life are obtained with the smaller interference when the

applied stresses are less than about 47ksi. At this stress level, the two

curves cross at a life of about 3000 cycles. Below 47 ksi the 0.4% interference

joint shows somewhat longer lives. This behavior would indicate that at

any given stress level in this particular joint, there may be a limiting

degree of interference, beyond which fatigue life would decrease with increased

interference.

In order to further examine this result, Figures 63 and 64 have been

plotted. Figure 63 shows the variation of elastic strain at the edge of the

hole with the applied net section stress, for two points on the hole circum-

ference, at 450 and 990 to the axis of applied load. Curves are plotted for

the o.4% D and 2.0% D interference conditions. These plots are obtained
directly from the data given in Tables 9 through 12. Figure 64 shows

edge elastic strain variation with nominal stress at the edge of a hole at a

point that is 810 from the applied load axis. This location was the one con-

sidered in calculating the constant amplitude fatigue curves shown on

Figure 62.

An indication of the effects of interference f3'-' on * lastic behavior

e t the .•Ige of the hole is obtained from an examination of the curves in Figs.

63 and 64. IL %&i± Le seen from these figures that. for each value of 0,

the initial slope of the curves (a measure of the rate of change in the elas-

tic strain at the hole with change in the elastic stress on the net

section) is the same for the 2% D interference case as for the 0.4% D inter-

ference case. However, as the applied stress is increased, the initial

interference condition is eventually overcome and the slope of the curves

approach-o the slcpe that would be obtained in a neat fit (0% interference)

case. The applied stress level at which the Initial interference is overcome

increases with increasing interference. The significance of this behavior,
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as it affects fatigue life,, may bc. bettur iLerv, tuod by e'Xai'•2ing it detail

some of the calealationu that were made in obtanluw1 the constant amplitude

1.ti~gu' curveu Iu Mi•. 6.-

Consider, for example, the elav.c strain ranges at the edge of the hole

for 2.0a and 0.4% interference when tde net section streos v-rics from 0 to 47

ksi (the cros.6 oxer point for the-c two interferences on the constant amplitude

fatigue curves in Fib. 62). Tle elastic strain rangeu at the edge or the hole

at 0 - 83), obtaiued directly from Tables 9 through 12, are 1 9 rollows:

Interference 9el
% Dia. r

0.o0 o.O4
0.4 O.009b
2.0 0.006Lo ,

A:; would be cxpeetcd, the ctrain range at the edge of the hole in the

Joint decreases with increa-,ing interference. However, -s diucussnd in

Section 5.2 the fatigue lifP of either joint 3epends noL only on the strain

range but also on the "ear stress. Therefoce, when the %aJues of ,el are
r

corrected for mean stress effects using EtLu-tlon 41 (which can be applied to

strain range or strain amplitude), the resulting "equivalent" fully reversed

cyclic strain ranges aret

A~,v4L~r~lCC el

0.0 O.c000
o. 4 0.O1564
2.0 0.01558

Because the "equivalent" strain ranges for the two interference fits are

essentially equal, the corresponding fatigue lives, (obtained by entering

the strain-life curve in Fig. 57 with the straiu amplitude et = Ct /2),
r

are also e.,ual, am are approximately three tiDxe4L the. life of tne neat fit

joint. 8
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At net section applied stresses greater than 47 ksi, the "equivalent"

fully reversed strain ranges are lower for the 2.0% D interference than for

the 0.4% D, resulting in longer fatigue lives for the larger interference. For

example, at a net section applied stress of 55 ksi, the 0.4% D interference

strain range is 0.01205, while the 2.0% D interference strain range is 0.0071.

The corrnsponding "equivalent" strain razgos, when the effect of mean stress

hp's been accounted for, are 0.C".03 azd 0.0184 resulting in a longer fatigue life

for the 2.0% D interference case (Fig. 62). The strain range for the neat fit

joint, at the same applied stress '.evel is 0.0164, but when the mean stress

correction is applied, the "equivalent" fully reversed strain range becomes

0.0242 and the corresponding fatigue life is lower than for either of the

interference fit cases.

At lower values of applied stress, 30 ksi for example, both the 0.4% D and

2.0% D interferences show improvement in fatigue life. However, the consid-

erably larger mean stress correction for the 2% interference case predominates

so that the improvement in it's fatigue life is consequently less than that

shown by the 0.4% D interference case.

From an examination of the curves in Fig. 64 and the above calculations

it becomes obvious that when a load is applied to a joint, the resulting

increase in stress and strain at the edge of the hole is smaller in the case of

an interference fit than in the case of a neat fit. This tends to increase the

fatigue life of joints with interference fits. However, when the interference

fit becomes large, the mean tensile stress at any point on the hole periphery

also becomes large, and this tends to decrease the fatigue life. There would,

therefore, appear to be optimum amounts of interference for different applied

stress levels. This appears to be partly born out by the test data shown

in Fig. 7 of Ref. 27, which showed that the constant amplitude fatigue life

of a small lug with a taper pin increased with increasing pin interference up

to a certain point, and then showed a significant reduction ai higher inter-

ferences.

149



5.5 Conclusions

1. The fatigue life of a discretely fastened joint is reduced if there is

a loose fit between fasteners and holes. This reduction increases significantly

up to a point where the clearance is between 1% and 2% of the fastener diameter,

after which the rate of reduction in fatigue life becomes noticeably less.

Limites test data mnd to subutantiate this.

2. Increases in local stress due to clearance, and resulting reduction in

fetigue lifi may vary significantly with joint geometry. A well designed joint

with standard proportions could be less affected than one with undesirable

geometrical characteristics, such as extremely short edge distance.

3. Variations in fit between different fasteners in the same group will

affect fatigue life. The analysis presented in this report can account for such

variations in fit where these are Rnown.

4 . The degree to which Interference fits between fastener and hole will

affect the fatigue life of a joint is a function of the amount of interference,

the joint geometry and the applied stress levels in the fatigue loading cycle.

Tn general, interference fits will impxole fatigue life, but the improvement is

related to the joint geometric parameters mentioned above, and there would appear

to be optimum aounts of interference for different applied stress levels, (as

discussed in Section 5.3). It is possible tont excessive interference may

be detrementa! to fatigue life.

5. The trends shown by the fatigue analysis in general are of considerable

interest. The availability of the very detailed elastic stress data generated

in this report, if utilized to The fullest extent, offers an attractive prosrlect

of extensive parametric study. Extension of the tresent work to include

plasticity effects would result in a greatly Increased capacity for the analyti- i

cal prediction of joint fatigue life.

6. Existing methods of fatigue analysis arc not fully adequate for the

con ition of interference fit. However, a more accurate knowledge of the

stret•s-strain behavior at the edge of a notch would undoubtedly permit a

better fatigue analysis to be made.
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CHA.-PTi 6. FSTMN-SH11' ,WkA-DEFLECTI0N DATA

6.1 Introduction

Of congiderable importance to the anwlysis of multi-fastenar joints is the

determination of *he "spring conatants" or the slopes to the load-deilection

curve of the ind ividual fasteners in combination with the local sL.et. This

has been pointed out by previous investigators (Refs. 1, 2 and 28) who have

treated the joint as a set of springs and attempted to determine experimentally
the particular spring conratantz needc-d •n their analyses. In Ref. 2 the

fastener experimental load-deflection curve was approximated by a "Ramberg-

Osgood" type expression and in Refi. 1 end 28 an incremental piecewise linear

approximation to the curve was used in the analysis.

The leck of a tabulated Let of data for a variety of fastener-sheet

combinatAons was considered a major shortcoming in Lhe analysis of load distri-

bution in multi-faetener joints of any type. In this chapter a method for

approximating the load-deflection curve of individual fasteners is presented.

Comparisons using this approximation show good correlation with experimental

data. Tabulations of several hundred load-deflection curves found in the

literature and covering a large variety of fastener types and plate combinations

are •Iao presented.

6.2 Pardmetric Representation of Fastener-Sheet Load-Deflection Curves

A typical load-deflection cuxv• is shown in Fig. 65 . The Initial portion

of the curve denoted by the letters OA is usually linear a-d rises to only a

small percentage of the total load carrying capacity of the fastener. For

fasteners with small tolerances and a smail clamping action, the portion of the

curve OA represents the frictional effects in the joint. This aspect has been

studied experimentally and comparisons of' ita effect on the load-defl-ction

curve are presented in Chapter 7. The portion of the curve denoted by AB

represents the effect of initial clea-ance or "slop".

A modification to the initial portion of the generally complex curve (Fig. 65)

i& proposed in order to simplify the application of load-deflection data to load

distribution analyses.



This Uodifivation consists cf extending the linear portion of the curve to cut

the 6 axis st zero load as shown in Fig. 65 at point 0'. The offree is des-

ignated 5 and depending on the nature of the curve can be positive or negative.

An expression for the displacement at any load level can be obtained after the

moflifica&tioi to tue curve has bten Lede. WritLin the total displacement across

the fastener, 6, an a combination of an elastic and a plastic part we have:

p e6 6~+(~ (43)
P

where, 6 e - k-(44)
e

and B

and A and E are constants.

Thz quantities ke, Pi and P are defined in Fig. 65 The value of ke is easily

obtained from an automatic load-deflection trace. By zhoosing appropriate off-

sets 6, and 1,. from the initial corrected linear part of the curve we define

the corresponding values of P. and PI. The two constants A and B in Eq. 43

can then be detexmined from tl 1 e following expressionL:

A -- "e + (6
( 46)

and In 6 (07'

II
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The main difference between the method proposed here and the "Ramberg-Osgood"

type curve proposed in Ref. 2 is the methcd of obtainiin the values P and P.
i

at the "knee" of the curve. Gehring and Maines (Ref. 2-) recommend P to be

chosen at a secant modulus of 0.7 ke to be consistent with the yield defined by

Ramberg - Osgood (Ref. 29) and the point P !e selected "a&o fa- out on the

curve as practicable". It appears preferable and much easier Conbtruction-

wise to use direct offsets parallel to the linear slope of the modified cuirve

at finite displacements as shown in Fig. 65 to accomplish the same thing.

Because we are more interested in the region near the knee of the curve (moder-

ate plasticity) rather than at failure (large plasticity) this appeared to be a

good technique.

6.3 Evaluation of the Accuracy of the Proposed Parametric Load-Deflection

Curve

Before the proposed method of parametric representation of load-deflection

curves was applied to existing experimental data, an evaluation of its accuracy

was made. Fig. 66 shows in solid line an experimentally obtained autometic

loid-deflection curve of a single Hi-Lok fastener in double shear. Using the

method described in Section 7.2 two parametric approximations to the curve were

obtained using two different sets of offset points. In the first curve (des-

ignated by crosses) offsets at 0.002 and 0.005 inches were used. The second

curve (circles)was obtained using offsets at 0.005 and 0.012 incheE4 it ap-cars

from the comparison shown in Fig. 66 that both parametric approximations are

good iepresentations of the experimental curve over the useful range. However,

as would be expected, the second approximation shows better correlation to the

experimental curve in the inelastic range.

Another comparison is shown in Fig. 67 which correlates three diiferent

parametric curves to the original experimental curve. It is seen from the

equations of the three curves that as the constant 1 increases from 5.65 to

9.76 the knee of the curves becomes sharper and the parametric curve deviates

from the test curve. The two curves with the lower values of B appear better

approxi-mations to the particular experimental curve. It is suggested that in

tabulating data by the parametric procedure an attempt be made to see which

offsets give a better corre.Lation for each group of fasteners analyzed. In
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the renuita given in Appendix K this procedure was followed.

6.4 Suzmary of !ýxistin. boad-Deflection Pata

A tabulation of several hundred load-deflection curves are presented in

Appr- X. . ata published in Refs. 1 and 30 are presented as well ae

Grummi unpublished test data (Ref, 31 ). Use of new ecommrcially available

fastening systems, so videspread in the aircraft innustry at the present time,

neceooitates a large accumnlation of such data vx, those presented in Appendix
K. However, due to the unavailability of test resul'ts in the open literature,

the scope of the tabulation shown is somewhat limited. It is hoped that future
tabulationa and additionL of this type can be mce available to other interested

users in the near future.

The format used in presenting the data of Appendix K is shown on

pg. 255 together with the de:inition of the various symbols. T-he table

gives the following: inf rmation concerning the plates making up the Joint

(Cola. 1 to 7); information concerning the fastener data (Cole. 1 to 13);

measured interference or clearance (Colo. 14 to 16); the computed load-

deflection parameters (Colo. 17 to 22) and test information and identifi-

cation (Cols. 23 to 28). Pages '-5• and 256 summrize the data presented

by Me Combs c.2 al. (Ref. i) for single and double shear single fas-ener

joints. On page 257 is given a summsry of the single fa'tenei double
eO c Prazent stidy. Pa-ee 2.. .. To 204 suarize the results

of Grumman date obtained in a Corporate titanium study (Ref. 31). The

code used in describing each test is shown in Colo. 27 and 28 and on top

of page 258.
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CHAPMER 7 EPUIM2TAL PROGRAM

7.1 Introduction

The main purpose of the experimental program was the verification of the

aualytical methods described in Chapters 2 to 5. In addition, the experimental

results pointed out the relative importance of some of the parameters which

influeace the structural behavior of mechanically fastened joints. Two types

oi test: are described: static strength end fatigue. The static strength tests

were performed on single fastener and multi-fastener Joints and the fatigue

tests were performed on multi-fastener Joints. Some of the results presented

herein were obtained under other Grummsn Independent Research aud Development

programs and wc.• aot part of the present contract. However, the results are

pertinent to tLe I ejent analytical study and are presented for illustrative

purposes.

7.2 Static Strength Tests

7.2.1 Single Fastener Load De-flection Curves

(1) Descri2tion of the Tests

The configuration for the double shear test specireen h'iosen is

shown in Fig. 68. A view of the test set up prior to testing is shown in Fig.

69 . Note the extensometer device used for obtaining the automatic trace of the

load-deflection curve across the loint. Table 13 giveas a &usry of th2e 15 -

statirc strength tests which vere performed. All fasteners had a nominal diameter

of 0.25 inches.

The method of testing followed closely the Grumman procedures

used in obtaining fastener design allowables and is described in Ref. 32 . The

specimen is given a very small initial load of the or'der of 100 to 300 lbs.

prior to start of test. The s.pecimen is then loaded slightly beyond the begin-

ning of its inelastic behavior 'nd +hen unloaded. Feloading of the specimen

then follows and a second unloading is made at a deflection of approximately

0.010 inches greater than the first. These two unloading cycles are chosen

with the help of visual observation oi the continous load-deflection trace and

are intended to bracket the 0.012 inch offset point which is used to obtain the

alLowable yield load of the fastener.
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A typical failed specimen is shown in Fig. I0 which shows the

large local defonrat ion causing ovelizatln of the boles and the excessive bend-

ing deformations in the Iroken titanium Ai-Lok fastener

(2) R•esults and Discussion

An attempt was made to determine the influence of gige length

on the ).oad-deflection curve of the single flush Hi-Lok fastener joiat shoini in

Fig.69. ithree" Identical specimens having a single Ni-Lok fastener in double

shear were tested by the procedxens described above. The only .mriable in these

three specimens was the length ov'er which the deformations across the fastener

were recorded by the extensometer. Three lengths were used in tne study 2, 4

and 6 inches. The results are shown in Fig. 71. Although no definite trend

is indicated the results do point to the fact that a fair amount of scatter can

be expected in the load-deflecticn characteristics of seeminglyr identical spec-

imens installed under normal production conditions.

The results of a lImited study of the effect of friction coef-

ficient on the faying surfaces of a joint are shown in Figs. 72 to 74. Fig.

72 shows the results of tests on joints made from plates as received with no

special finish. The flush Hi-Lok installation torque is of the order of 65-80

in.-lbs. causing a small bi-linear effect in the elastic portion of the load-

deflection curve with the change in slope c.xcurring at an appJied load of

approximately 500 lbs. By finishing the plates with a standa•r protective

alodine treatment used at Grumman the point at which the bi-linear effects

occurs is shoun to be about 1000 lbs. in the three tests shown in Fig. 73.

This indicates an increase in the friction coefficient over the natural finish

of Fig. '2 since the same Ili-Lok fasteners were used in both ;ases.

By Teflon coating the faying surfaces, the friction coefficient

is reduced to practically zero,hence the break in the initial portion of the

bi-linear curve occurs at a much lower lcad (app:oximately 100 lbs.) as shown in

Fig. 74. It s3hould be noted however, that for all three types of surface

finish, the effect of a relatively small clamp-up (65-80 in.-lbs) has a vel-"

small effect on the over-all load deflection characteristics of the fastener.

TIhe results of three tests+_ using a s1rnglT -l ±terferen0cý Ifi-Lol

Hi-Tigue fastener in double shear are shown in Fig. 75. Comparing these results
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with the tests using normal flush HlI-Lok fasteners havi.• a small clearance

duc to the manufacturing tolerances, two things stand out. The load-deflection

curve is nonlinear almost from the start of loading and the elastic modulus

measured by the value of k is alse much higher.e

7.2.2 Multi-Fastener Joints

An examjýle of a multi-fadtener joint is shown in Figure 76 . The con-

figuration is representative of a structural element fatigue test on a wing

ceuter llne splice. The material of the outer plaLes is aluminum alloy,

7075-T6 clad and the inner plate is aluminum alloy 2024-T3511. The fasteners

are . dia. Hi-Loks. Three conditions of fastener-hole fit were tested, neat

fit, 0.002" clearance and 0.004" clearance. In addition, the effects of clamp-

up as applied to the fasteners due to installation toraup, were studied. TBsts

were conducted with the fasteners lightly torqued by hand as aMainst the normal

installation torque used in manufacturing assembly.

The etatic behavior of the ooint when assembled with the normal clamp-up

is clearly demonstrated in Fig. 77, where the load-deflection curve for the

Juint over a 4 Inch gage leogth shows a marked breaking point. The Joints with

clearance, as distinct from the neat fit, show the break in slope more clearly.

In all three cases, the break occurs at a significant percentage of the Joint

ultimatv strength. The relative effect of clamp-up and clearance on the fatigue

strength of the Joint is illustrated ini Fig. 78. The fatigue life tends to

decrease as clearance is increased, for the speclmens without clamp-up. A con-
oidei-R'bie increace in fatgrue Ilie Is obtalned when nor-al fastener clamp-up

is present.

A second double shear joint specimen is :howvn in Fig. 79. This con-

figuration has two fasteners on a line, perpendicular to the applied *qad line.

The material is titanium alloy, 6Al-6V-2 Sn annealed sheet. Joints assembled

with 1/V" dia. Taper-Lok fasteners were tested with interference fiZs of 0.0018"i and O.OO'42'. Joints with 1/4" !!i-L:k fasteners were tested with clearw:ces of

0.003" ard 0.006". A ty-pical aircraft manuever load spectrum was used in ll the

tests.

T,ýst results are presented for the interference fit specimens in Fig.

80. The data show substantial increases in fatigue life for the 0.0042" in-

terference case over the 0.0018" interferen 3 case. Several specimens were

tested after a 14 day exposure to a 3-5% "E321 solution, but the effect on
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fatigue did not appear to be significant, based on ve:•y limited data.
Test results for the clearance fit specimens are presented in Fig. 81.

The data show considerable scatter, and the results for the 0.003" clearance and

the 0.006" clearance overlap to the extent that a separate scatter band for each

condition has not been defined. These test results are also discussed briefly

in Section 4 of Chapter 5, where fatigue life predictions for the joint are

presented.
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e e Thick- -

Problem Diam. Width Spacing EFdge ness S w e D S
No. D12&D W S Dist. t w ) D t 1)

(in.) (in. (i (in. (in,)I
! 2 3 4 5 6 7 8 9 10 11

P 1.1 .25 2 4 1 .125 2 8 4 2 16

P1.3 .50 j 2 4 I .125 2 • 2 4 8

P i,6 .75 2 4 1 .125 2 2.67 1.33 6 5.33

P-2 .5 2 2 1 .125 1 8 4 2 8

T .4 .0 2 21 .12511 4 2 14

5 .75 .25 2.67 1.33 6 2.67

Table 1 Sumary of Plate Problems With Two UnloaJed Holes
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Edge Thick- W e D
Problem Diameter Width Distance ness i5
Number D W e t

(in.) (in.) (in.) (in.)

P2.1 .25 .9375 .625 .125 7.5 2.5 2

P2.2 .50 .9375 .625 .125 3.75 1.25 4
P2.3 .75 .9375 .625 .125 2.5 .835 6

P2. 4 .75 .9375 1.6 .3 2.5 2.13 2.5
L--- - -_- -

Table 3 - Summary of Geometric Pa--wmet•rs of Aluminum Plates with
Single Rigid Fastener

Flex. Feam Sbear Bean Completely
(Rigid in Shear) (Rigid in Bending) Rigid Beam

x/t E,. ('24) Eq. (25) Eq. (26)

0 4.003 4.032 4.000

• l3.401 3.410 3.4•00

.2 2.800 2.796 2.800

.3 2.199 2.190 2.200

.4 1.599 1.588 1.600

.5 0.998 0.990 1.000

.6 o.399 0.395 0.400

.7 -0.201 -0.200 -0.200

.8 -0.80w -0,795 -0.8oo

.9 -1.399 -1.392 -1.40o

1.C -1.998 -1.992 -2.000

Table 4 - load Interaction Parameter - for a Fastener with NegliZble Head
PO

Stiffress in Single Shear (Ref°Figure 51a) 30 x 106Pei, v -0.3,
k 7.68 x , t - 0.125 in, d - 0.25 in.)
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Shear Beam Completely
X/t (Rigid ix, Lending) Rigid Beam

o 1. o8 1.000
.1 1.056

.2 1.036

.3 21.018

.4 1.029

.5 0.990
.6 0.980
•.7 o0972

.8 o.966

.9 0.962
1.0 o.961 1 .000

Table 5 Load Inte caction Parameter 21 for a Rigid-Read

P 0

Fastener in 3ingle 3hea- (R f. Fig. 51 b

(E = 30 x 106 , =0.3, k 7.68 x 10 psi t --0.125 in, d =O.25 in)
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Completely 'Free & Clamped Heads Clamped Head Free Head

x/t Rigid Beam Shear Beam Bent Beam Bent Beam

(Rigid in Bending) (Rigid in Shear) (Rigid in Shear)

inner 0 1.000 0.990 0.995 0.995
late .1 0.991 0.996 0.996

.2 0.995 0.997 0.997

.3 1.001 1.000 1.000

"" 1 1.009 1.005 1.005

.5 1.000 1.020 1.010 1.010

outer .5 1.000 1.020 1.009 1.015
plates .6 i.009 I. 00 1.009

.7 1.001 1.000 1.003

.8 0.995 0.997 0.997

.9 0.991 0.995 0.991

.0 1.000 0.990 0.995 0.985

qtI q(2t2,

AB_ 6 - interaction ta_"-ter, A or t

for a Fastener in Double Shear (Reference Fig. 52)

(E = 30 x 10 6psi, v =0.3, kI = 7.68 x 10 6 psi, k2  7.68 x 106psi,

t =0.125 in, t 2 =0.0625 in, d =0.25 in.)
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II
Type Fit Plate Stiffness Joint Stiffness k x !0-(lb)

(Refer to Fig. 381 eff_____ irk
lee 6(psi) Titanium Steel Rigid
k O 0(psi) Fastener Fastener Fastener

Loose 4.255 .416 .532 .535

Neat 5,330 .6i0 j 635 .670

Interference 6.966 .778 .816 .876

Table 7 - Analytical Results for the Double Lap Joints Tested

Type Fit Linearized Joint Stiffness kff 1 i0 lb

Titanium fastener

Loose .420 (avg, of 12 te-st- )

Interference .803(avg. of 3 tests)

Table 8 - Summary of Experimental Results Presented in Appendlx K

67



Load Net Section Maximum Tangential Stress at Edge of Hole
Level Applied Stress in psi

(ibs) (psi) = 9_ 0 = 45 0 =1 I° e = 99

2 14.2 25.62 28.34 42.60 45.56

500 3555 64o4.9 7092 10,669 11,390

1000 7111 12,810 14,185 21,338 22,781

2000 14,222 25,620 28,369 42,676 45,562

4000 28,444 51,239 56,739 85,351 91,123

8000 56,888 102,479 1131477 170,702 182,247

9000 63,999 115,288 127,662 192,040 205,0(-7

10000 71,11.1. 128,098 141,847 213,378 227,809,

Table 9 Elastic Stresses for Neat Fit Case

Load Net Sect. Maximum Tangential Stress at Edge of Hole

Level Appl. Str. 2n psi

(Cbs) (psi) = 9' e9 = 27' e - 45' 0 - 63' 0 - 81° e - 99'

2 14.232 50,615 36,06e 28,281 23,732 21,764 22,330

500 3,555 49,842 39,140 32,934 28,759 26,433 25,973

1000 7,111 29,066 42,231 37,606 33,807 31,121 29,631
2000 14,222 4b, 994 47,79. 45,4-6 -,e ao 6 _5.• .

4ooo 28,444 68,526 67,655 66,120 64,410 64,831 73,709

8000 56,888 119,532 120,634 122,547 127,133 149,354 164,939

9000 63,999 132,342 1-J3,9 4 6 136,731 i42,912 170,692 187,720

10000 71,111 145,152 147,257 150,916 158,690 192,030 210,500

Table 10 Elastic Stresses for the Case of AD/D 0.4% Interference
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Load Net Section MaxiMit Tangential Stress at Edge of HoleLevel Applied Stress in pit 4
S(lbs) (psi) 6 = 9 0 e - 4.50 e - 81° e - 99°

2 14.2 253,o87 141,330 108, 741 111,593

500 3555 252,315 145,984 113,413 115,236

1000 7111 251,538 150,656 118,101 118,893
2000 14,222 249,986 159,999 127,477 126,209

4o00 28,444 246,882 178,686 146,229 140,839

8000 56,888 240,673 216,059 183,733 170,100

9000 63,999 240,752 223,206 190,762 175,591

1000 71,111 244,964 227,282 194,78o 179,448

Tablt 11 Elastic Stresses for the Case
Lt of a/D - 2.0% Interference

Load Net Section Maximum Tangential Stress at Edge of Hole

Level Applied Stre ss in IRS;.

(ibs) (p3i) 9 49 e e= 81 0  = 99'

2 14.2 506,178 282,6i-4- 217,469 223,1,2

500 3555 505,4•4 287,296 222,138 226,815H 1000 7111 504,629 291,968 226,827 230,472

2000 14,222 503 .O 1 301,312 3 .. 237,7^7

' 40o0 28,444 49,972 319,99.8 254,954 252,418
8000 56,888 493,764 357,371 292,458 281,679

9000 63,999 492,211 366,715 301,835 288,994

10000 71,111 490,659 376,058 311:210 296,309

Table 12 Elastic Stresses for the Case

of AD/D = 4% Interference
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Fig. 1 Schemrtic Representation of Mechanically Faetened Structural Joint

ShIow"ug the Method Used to Decompose the Structure for Analysis Purposes
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APPENDIX A INELASTIC STRESS AND DEFLECTION ANALYSIS OF PLANAR STEUCi•URES

(A) Program Description

This is a brief description of the Grunnan computer program

used for plastic analysis of mechanically fastened joints. This

prograxz is a modified version of deck 45128 originally written

to do elastic-plastic &-d creep analysiL of isotropic and aniso-
tropic planar structures. (Reference 3).

The program was originally written In rortran II for the

IBM 7094. It was mod ified and expanded to run on the IBM

System/360 (Fortran IV). On this machine, available hardware

facilities permitted expansion to sixty plastic "nodes'r*, after

allowance was made for am additional features. The version

submitted to AFFDL to operate on IBM 7094 under IBSYS control

(Fortran IV) is restricted in size to thirty four plastic nodes,

due to core size limitations. Use of direct-access storage

(disk or drum) for the two large data matrices permits a sub-

stantial increase in problem size, at the cost of a factor of
approximately ten in running time. This has been done on the
IWM/360, increasing the size to 175 nodes with the increase in

machine time as described.
The program includc.s these features. Print output may be

obtained at each cycle of calculation, or at load levels which

are multiples of the load increments used, as desired. The

stress-strain relationship may be defined as a table of ten

points on a curve, with automatic interpolation. Alternatively,

it uay be defined by the Ramberg-Osgood equation, with a refer-

ence stress, exponent and Young's modulus %s input. The program

will accept d 'creasing steps in applied load. Unloading follows

Hooke's law when the node has been stressed in the inelastic

region. At any pre-determined loa4 level, the program can be

* The term "node" as used herein refers to either element cen-

troids for constant strain finite elements or actual nodal
points for linearly varying strain elements.
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forced to spill all the memory tables and clues into a binary

save tape, then exit. This permits the programmer to inspect

his results and decide whetheýr to continue the analysis from

that pcint, or to modify or abeaxdon the job. A timing feature

is built in the coding, but temporarily patched out of the

AFFDL version, to allow this save tape to be generated upon

reaching a time estimate supplied with the data.

Each link of the program contains the non-IBM subroutines

needed for operation. Standard input -output subroutines etc.,

will be taken from the library tape. As a point of information,

the program contains a main program and four overlays.

(1) LKONE reads the first control card, and reads all

other decimal input supplied.

(2) LKTWO is used only on a restart job. It reads the

modified step table, if provided, and the binary input

tape.

(3) LKFOUR is the processing link. It does all the

calculation, print control, anid writing of print output

on tape 6.

(4) LFSIVE writes a binary tape for restart.

Sequencing and details of the data cards follow. The sym-

bols usea in the program for various items of input data are

listed on page 153 and are shown on the sample key-punching

sheets, pages 160 and 161.

The data cards are used in the following sequence, irmediate-

ly after the $DATA card required by IBSYS:

(1) General clue rard (FORMAT 1) containing ILU4, KLU7,

NA, NDE, GNU, and a title or caption.

(2) Table of load steps desired. Up to ten cards defining

ten steps may be used. The maximum level for each load

step may be above or belrw the previous maximum level

of load. The program verifies the algebraic sign of

the increment, and corrects it if necessary. Each card
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contains four variables TEMPI, TEMP2, TEMP3, TEM!4 in

FORMAT 2.

(3) Dafa matrices. These may be provided in any sequence.

Each matrix has a header card in FORMAT 3, one or more

data cards in FORMAT 4, and a blank card to end it.

The last input matrix on the system input tape must be

followed by one added blank card (two tiotal) to trip

the program into operation.

(B) Symbols and Format of the Data Cards

(1) Genera? Clue Card - FORMAT 1

Cols. Field Symbol

I II LUu4 This gives the number of input

matrices on the auxiliary input tape

logical #9. If all matrices are

on the monitor tape, leave this

blank. If using binary restart tape

on #8, use a digit from 5 to 9

Maximum number of decimal input

matrices on tLe auxiliLry input

tape is 4.

2 2! 27 0, ut blan1k, prints output on cycles

indicated by the step table; 1

prints on all cycles.

3-5 13 NA This sets the frame size for the

problem to be handled. NA is three

times the number of nodes. Maxizm

value iG 102 (34 nodes).

6-8 13 NDE This indicates the number of load

conditions for deflecti.on calcula-

tions.

9-14 F6.3 GNU Poisson's ratio "nu"
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(B) Symbols and Format of the Data Cards - (Continued)

(1) General Clue Card - FPOPIAT I (Vontinued)

Cols. Field Symbol

15-80 11A6 TA Any 66 characters of alpha-numeric

text to be printed as a heading for

identification ptu-poses.

(2) Table of Steps (limited to ten entries) - FOAFJT 2

Colo. Field

1-6 6X Not used.

7-10 A4 LOAD indicates a load step, TAPE

indicates write memory on a save-

tap! on logical #11 then exit.

ESTM indicates a time estimate in

minutefs to automatically terminate

run. ESTM does not count as one of

the ten load steps.

FLOS or blank indicates end of

table (this may be the 11th card
in the table).

11-20 ElO.6 Upper limit of step in pounds or

estimated time in minutes. .

21-30 EIO.1 Interval or increment for calcula-

tion.

31-4o0 EIO. Interval or increment for prin. out-
put. Prints are generated on tape
6 for the current cycle when the

-urrent load level is an integral

multiple of the print interval. If

the print interval is left blank,I

no prints are generated for cycles

in this step. If print interval is
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(B) Sybols and Format of the Data Cards - (Continued)

(2) Table of Steps (11.mitd to ten entries) - FOFMT 2 (Continued)

Cols. Field

31-40 EIO.I very sma1l craxyred to the current

level, then n-imeric problems some-

I times occur in the print control

subroutine (OTiPUT), and it may be

necessary to re-run with the every-I cycle print control "I" for KUJ7
punched in the first control card.

4.L-80 Ignored.

(3) Data Matrices - Header Card - FORMAT 3

Cola. Field

1-6 6X Not used.

7-10 4X Not used. We use the letters MtRX

for compEtibility with the GISMD

Matrix System, which reads and

writes metrices in this format.

S11 ix Not used.

12-17 A6 This is the identification rAnme

for the input matrices and must

correspond exactly with one of the

following name s:

bbbSIM Matrix of stresses for appli'ud loads

or SIfbbb maximum size 102xl

bbbSIJj IMatrix of stresses for member straln8

or SIJbbbl maximum size 10£_xi02

bTSIGN Table of stress values llxl

bTEPSN Table of strain values lixl

L
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(B) Sybois and Foimat of the Data Cards - (Continxued)

(3) Data N'trices - Header Card - IURMAT 3 - (Continued)

Cols. Field

These two matrices define

the stress-strain curve as

a series of chords. The

dhta is entered in this for-

mat, merely to conform to

the format of the SIM-SIJ

matrices which were generated

using the GISMO Matrix System.

Note that the first value in

both TSIGN and TEESN must be

zero to avoid upsetting the

interpolation procedure.

bbbDIM0)MatrLx of deflection for applied loads

or DIMbbb jmaximim size lO0xl

bbbDLJ, UMatrix of deflection for unit induced

or DIJbbb strains - maximum size 102xl0

RAMONSC three parameters for Thamberg-Osgcod

cqu n. - referees atye&6b, eKPULi4•,JL.

a& Young's modulus.

18 IX Not used.

19-21 13 Number of rows in this matrix.

a2-24 13 Number )f columns in this matrix.

21 )0 Not used.
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(B) bols and Format of the Data Cards - (Continued)

(4) DNta Matrices - Data Cards - "9RMAT 4

Colo. Field

1 IX Not used.

2-4 13 Row index for the first element.

5-7 13 Column index for the first element.

8-23 E16.8 The first element on this card.

24 iX Not used.

25-27 -3 Row index for the second element.

28-30 13 Column index for the second ele-

ment.

31-46 E16.8 The second element on this card.

47 IX Not used.

48-50 13 Row index for the third element.

51-53 13 Column index for the third element.

54-69 F16.8 The third element cn this card.

70-80 Not used.

The last card of a matrix must be completely blank (tested

in Col. 2-4). The last matrix on the Monitor input tape 5 must

be followed by one added blank card (two total) to trip the

program into operation.

The input matrices on the Monitor tape may be in any se-
quence as long as each matrix starts with a header card, has

all its data cards next, and ends with a blank card.

S(c) Rsmberg-Osgood FRqu!tion

If a run encounters the name RAMDSG in the data witriceb,

an internal clue (KIWJU) is set and the run will use the three

input parameters with the Razlerg-Osgood equation for st.res,.-
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(C) Ramberg-Osgood Equation - (Continued)

strain relationships. Note that the second value in TSIGN

(TSIGN(2)) must be provided to indicate the effective stress for

start of plasticity. Without this value, plasticity is assumed

to start at zero stress level.

(D) Stress-Strain Curve

If a run has not found the Ramberg-Osgood parameters, it

will calculate Young's Modulus from the first two points in

Tables TSIGNe and TEPSH (Table of SICma sub N ard Table of EPSilon

sub N). TSIGN (2) is also used to define the start of plasticity.

(E) Restart Procedure

If the run being set up is a restart, the input deck can be

in several forms. The first control card ust have a digit from

5 to 9 in Kx14 so that the program will read tape 8; KIW7 is read

from this card. The other factors are carried from the previous

run.

The table of steps may be read in again (modified) if the

previous run is stopped due to the time estimate, or it may be

retained and continued from the previous run. However, if the

previous run is stored on tape by using a TAPE card in the step

table, then a new step table must be read in.

In either case, the last data card on a restart job must
be FINS or blank in coluims 7-10. This means a restart data

deck will have a minim=m of two cards (clue card and a blank),

or a maximum of 12 cards (clue card, 10 step cards and a FINS or

blank).
(F) Time Estimates

For time e6timates, allow 3.5 minutes to compile the For-

tran, 1.5 minutes to read the input tape, 2.0 seconds per cycle

printed, and 100 to 110 cycles of calculation peer minute.
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(G) SLcial Int Formats and G~tins

The plastic analysis program was set up to uwe c.ommon mtrix card

formats for the auxiliary tape as well as the system input tape, due

to the simplicity of the logic required to switch between the units.

Origil formats were those used in the GISMO matrix package. The

formats used on the auxiliary tape were modified (as an option at "complle

time") to accept formats from a later matrix package (COMAP card

images) on the auxiliary t4Lpe. The option has been extended to Liclude

FORMAT matrix package card images on the auxiliary tape only, still

using the original card formats on the sy3tem input tape. The option

is selected when compiling the program. It is not set by clues at

execution time. The card formats are illustrated on the sample key

punch sheeta pga. 160 and 161.

Internal clue NFC is set to 0 to use the original card formats

(#3 and #A) for the auxtijary tape as well as on the system

input tape. If xFC = 40, the program will expect COMAP card formats

(#43 and #44) only on the auxl11ary taze. If NFC = i4, the program
will expect FORMAT cards (#45 and #46) only on the auxiliary tape.
Note that al these cluee, formats and modified lists are provided in

the program, vith identifying cocment cards. It is only necessary to
reproduce the desired card for NFC dropping out the C from column 1

(3ud adding C to the conflicting card) and the program logic wiil be

mod if led.

i I:

159

L. . _ _ _ . . . . . .



It

4LI

I',i Ii IT

f , ti

:Art Zj i 4

All SL

~1 ~ '4 + ~ ,.

12H
r,4 4- -

-- T- T-

211

-4- ca

ILI

t- 4-

-4I



' It

AL- - t I* 1

-A~' 
- - - -- ,----

V_4

116



APPENDIX B INELASTIC STRUCTURAL ANALYSIS PROGRAM - FLAW CHARTS

The Main Program Is Simply an Overlay Caller. The Clue (IEXIT) to
Direct the Main Program is Set in Each Overlay, as Determined by the
Data and the Executicb of the Problem.

Go To (1,2,3,4,5,6), I-EXIT •

W IN PROGRAM

ENVTER ONEL ETRjuj

Is Rea In Step Set Print Con- Write All
Table And trol. Do All Tables In

Continuation Saved Binary Calculations. Mory On A
Or A New Data Write All Save Tape

C nnOatput

74New

Read in AllI CA4L EXI

Decimal Data IExIT - 4

=EXT A Saved

RET!.Tie Etiat

SOr Input /

S~Yes

OVERLAY LOGIC
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Ehter ONEL

Initialize

Read• + or - I

Clue Card (N

+, 0 Poisson' s

I T.3e5

at r TRati

ISetI Print 03
Cl.ues Based io if

on KLWT (au4.'.4
yye COont. Ru~n eSz

TapCo to ro Yes 343

302lt Fram Size

PrinHiad

Read Step6

Table Dta is6N



...... frm tress- N

if (K4. Stain Tble

e~~ Therece Mariesn
Or. AuxilIfaer

= 5 tO Rea,: Profrom Stress.-ran

Tal• • ATT to tre._ Table •

DoeAyssatrie-s, Tap 9

Ressain onPofe
Auxiliar

? Write out•: _._._



SEnter '1VOL
'_|

C 
Rear Saved 

irntrol 
-Svariables. )KW6 1e

Used From ThislRun's8 Initia iClue DCard d

Read Step

InputI Tape

Control eMatrices From

Store Control. s ~ sRwn h

Information In ! Wo
Arrays 1M•M (J I a orWItOut

trs- Itai
Table

*~S Shp ve Sve

Yessase

Writeo Tables Ls of Cotrol

Me e InfrementiIEXITn

Arrays PM and IReturn to Main
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Enter FOURL

. TESTS TO DETERMINE IF THE CYCLE
ISHOULD BE PRET

in A No 1. FIRST CYCLE OF Ah'Y 14EW RUN
contlnuatio-(K-i)

2. FIRST CYCLE OF ANY CONTINUATION
419 4 ( . )

Z Btale•-- K6 - 0 PRINTS SELECTEDiHo.Itaie CCLES ONLY
ACycle Work- -- -- - - - ----

Counter Area

Incremnt the -,

IC.3nter. hecto

t o Supprees 
t,

Print Output

See if this Cycle es
ShoulA be Printed Is Print
( uT -0 )to Print Son?)

the Table) N...N

3316 Set 0it
if Control On

Ys this lvlControl on
utof at K2-0

S.... RLeve in I h
No StepbTable

Is 30 Is Ue

a m Step Table Ra nCnTh

Thi Leel xbl By11 abl



In+I Yes I

ThsLvl Tape ThsLv Cycle Values EPAP

•for Lad, o • fo A•, r/ I or Effective| I

PlasticcI so+ue Noes 1a SIOWCL-

DotI leciou o I UArement l Aven

Coor EffeControlive

S34 34 251s..
Is ine Save Precedt|in

Sve Tae, 42Plastic Strain3usin Table, orus
lIasirg - osood

Abov ncreraente lo Abv reetd B owN Pin

L oad mt, lbon i a mvel

32i&l conpute Total

• Call Subrout. "Output" Erfective Strain, •!U~Y~
Sto see if this Level is Effective Strain DPt1ffela lowltiple of PrinitIn. CofanOn
teral and Should be St

SPrinte Pr
S-0)Compute Node

Strain Chane,s
teset Print IeNode Inelasti EPSK

v rne Control fro,,i Strain a
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205, 1*

C cMute 

205.423
otal Nodlýj TOTM

Strains NO ith
T 1 Minute

is 
209 

Of

No Print Yes
Control 

Does es

on Ioad Table Yen

Yes Require a Restart
Tapef(J24 - 3) TWrite Out 20T

All Arrays
and No

Load Ievel
210

Write out cycle
Count and Luad Return

26
113Is9 320 L)rcles No< 269Since ChaoCt _ =@ý

Clock>

Yes

can OVRM

With NO1 Minute
0 f-

Yes A

421 t

was NO set Clue
I-Iftst CYC To Print A
Pr 120 Cycle

yes



I1

inter FIVIL

Write Various
Control Clues

and Sinjae-
Valued Variableson Logca tcpe D.

Write MatricesTo Be Saved ForRe-Start on Logical Tape 3.1

Print Message To
Operator To Save
Tape i1 For Re-
Start At This Point

Write
ind-of FPies
on Tape 11

Revin
Tape 11

(Call EXIT
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A*NMmu C iOINM XZM~ OF !M OWUML ANAIMMX ,EOWM

U T.P J3 IP USEz R.... ,., Z cZ.-V.T .'; T:.. 1. ...

I E;•'.*. A" P I'.APL-. 8

E N i --, Y LIN" ý
,UNC3* PZE U;NIT.8
',jIT06 FILE LL 3,.0J t,-T.-JT L, 1

TAPE J9 IS JS", FOr. '- -C !:.4.T : X :t.'P'T TA;. t-.' .;L: t';Y T..-)
SI.IAP TAPE-9

UNNITC9 FILE K1, .. TJ..I,

END
$ TAPE 11 IS USL, FOR A &3INAk',Y ,AVE TA,'i- "r, ,T:Ti• R",..

$IR"AP TAPE11

,U-411,e. PZE U,"! I Tl11

1 NI11 FILE ,LB•4,,.EAY,CUTPRrT ,LKz256, LIN
F,"ID
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PAin a -iona Cu T m A.9 .% T4 h lIS 110U

*" T;,PS J5 IS UI S. r u z 3i.:ARN IMwPUT T (Z'V-:; . ':.-.' ".V ..Z ,
Z I S'.'.AP TAPL-.

ENiY oU.4:.9
*UNC3, PLE U;'IT.8
o;, ITO6 FILE L : 3,9.JN T, I NrJT,

;A •" t: IS 'JSz' For, A tCD ":...T2.X .NPUT T,;.: ; ,.IL:t;Y t ..- r,)
S13. .AP TAPE J9L N TRY N "1

*LIJN^9, :'!1 1NIT'T
U N ITC 9 F IL E 1 T M .' J ,', L N --I , -

END
$ TAPE 11 IS USL. FOR A JINAI..Y 'AVE TA,'L :r' TI;'a..LTi¢;, R".,)
$In.AP TAPE11

E.N VT Y •UN 1 1
oU-411oe. PZE U,"! I T 11

"A NIT11 FILE ,L04,9:E.N,YcUTP-' TgELK=256,9' IN
END

Best Available Copy
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C GR4UMMAN AEROSPACE COFP. DECK NO. 45126 __AIN PROGRAM
C MATRIX ANALYSIS FOR ISOiitdPIC-- INEL.ASTIC STRUCTURES
C IN THE PLASTIC REGIME4

C

C THIS PROGRAM WRITTEN FOR AIR '-ORCE CONTRACT F3361s-69-C-L23

*C 4*9 TABLE OF SYMBOLS USED *9•
C

C * * ARRAYS-*
C DEFL - MATRIX OF NODE D4EFLECTIONS
C OELEPK _- MATRIX OjF NOjOE STRAIN CHANGES I0eLTA EPSILON)

C FOR THE X AND Y DIRECTIONSe AND THE SPEAR STRAIN CHANGE
C DEL EPN - MATRIX OF kEFFECTIVE INEiLASTIC STRAIN CHANGWES
C Oli - MATRIX OF DeWLECTIONS FOR MEMBER STRAINS
C DIM - MATRIX OF OLECTIONgNS frOR APPLIED LOAOS . ..

C EPSARN - MATRIX OF EFFECTIVE INELASTIC STRAINS (EPSILON BAR SUB N)

C FOR K--TH CY-,.
C EPSARP - MATRIX OF ErFFECTIVE INELASTIC STRAINS (EPSILON BAR SUB N)
Ic FOR K-f-|C-YCL-E (TttE PR-Ei-E-DING, CYCLE)

C FPSUK - MATRIX OF NODE PLASTIC STRAINS (EPSILON SUB Ul) FOR THE

C x. V AND SHEAR SrRAINS. FOR THE K-TH CYCLE
C KPMTM - TABLE OF CONTROL CLUES (LOAD STEP* WRITE SAVE

c TAPE) READ-IN :ONTROIL I[FORMATtON USED WITH P4TN
C P"TM - TABLE OF LOAD INCREMENTS. PRINT CONTROL INCREMENTS AND

C UPPER LOAD LEVEL PER STEP (CONTROL I9WORMATIONI
C SGBARM - MATRIX OF EFFECTIVE NODE STRESSES FOR LAST CYCLE THAT

C Si.3WED AN INCREASE AT A PARTICULAR NODE
C SGOARN - MATRIX OF EFFECTIVE NOIDE STRESSES FOR CURRENT CYCLE
C SGAWRP-- MATRIX OF EFFECTIVE NODE STRESSES FOR PREVIOUS CYCLE

C SIGUK - MATRIX OF NODE STRESSES (SIGMA SUB U) iwOR K-TN CYCLE
c SIJ - MATRIX OP STRESSES FOR MEMBER STRAINS

C SIm - MATRIX OF STRESSES FOR APPLIED LOADS
C TEFSTN - MATRIX OF7 1tOTAL EFFECTIVE STRAINS
C TEOS -- TA19LE OF STRAIN VAL•ES DEVINING THE STRESS-STRAIN CURVE

i ubTOW E- MA&6 LIP TOTAL "ODE "tRAtINS
C TSIGN - TABLE OF STRESS LEVELS DEFINING THE SrRESS-STRAIN CURVE
C
C 9 9 VARIABLES AND CLUES * 4

C E - MODULUS OF -&.AsrI.ITYV
C EXP - N:PUT EXPONENT FOR RAMBERG--OS•GOOD EQUATION

C GNU - IaISSONS flATi.
C INTkPE - THE DATA INPUT TAPE (MAY SE AN4 AUMILIARY TAPE OR

C THE SYSTEM INPUT TAPE - V-iAR-Ei-DURIN-,IPUT PHAS).
C K - THE CYCLE COUNTER
C KERRSW - CLUE USED FiR -TEMP-O-R'AR--Y-I-NDICATOR SgET-N-LINK-S ... ..

C - ALSO AS AN ERROR INDICATOR FOR LINK I ONLY
C KLU3 - CLU E iNOiCAfTI-G-USE OF RAM1BERG-OSGOOO EQUATION

C KLUA - CLUE CNDICATING TOTAL COUNT OF MATRICES ON AUXILIARY TAPE
C KLUS - CLUE INDICATING MATRICES STrTI'LL NOT READ FROM AUXILLe trAPE1"

; KLU6 - CLUE FOR PRINT CONTROL (WHICH CYCLES)

C KLUT - INPUT CLUE FOR PRINT CONTROL (I TO PRINT ALL CYCLES)
C KSZT -LUE FOR THE LOAD LEVEL CURRENTLY IN UOSE

Nc - 3 TIMES THE NODE COUNT IINPU-T)

C -- NUMBER OF NODES 171
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C NAUX - THE AUXILIARY MATRIX DATA INPUT TAPE

C NIN - THE SYSTEM fL44UT_ TAPE _P

C NOUT - THE SYSTEM PRINT OUTPUT 'APE

C P - CURRENT LOAO LEVEL

C SHRMOO - SHEAR MODULUS

C $7 - INPUT 1PFER. E. FE RAMP ZRG-QgiOQ9- ATt9kL •- .

C
C OUTPUT - SUBROUTINE TO CONTRO(QL PRINTIMC AT 1ARVIJA.Q•AP LEVELS
C

C BASTIC UNLOADING (FOI.LOWS HOOKES LAU WMNlEN UWOV4oNG•

C
DIMENSI ON TALF I 1| | I )TALF23( 1I !|TALF|I IJLLLh!M•T__ il_.-
DIMENSION AL1212(34)eAL1223434).AL1231I34)I ALFA44A34I

DIMENSION PMTM(10,3)*KPMTM(IQ.,SIM(t023..SI JIIo2,I02ITSIGN II_..

DIMENSION TEPSN( llI.SIGUKtIO2).EPSUK(102I.SGBARN(341) SGSARP(341

DIMENSION SGBARM(34).EPBARN(34)IEPOARP(34A .OfLEPN(341

DIMENSION DIM(l02)9DIJ(lI2.1O02)J.DFL(tQ2)

COMMON /COMA/ KLU3LKLULUKLU5LUG.KIA.NC.NDEaKNTAP.EtNINtN4UTsNAUX

2 * K # KEARSW 9 KSET P REST 9 E v EXP s S7

3 * GNU _ StHMOD _s PM__

4 * PMTM * KPOTM * SIM , DIM 9 EF-L r TSIGN e TEPSN

5 9 TALF12 * TALF23 T YALF31 V TALF44 a ALIE12 * AL1223 • AL1231

6 9 ALFA44 . SIGUK * EPSUK a SGOARN SGSARP * SGSAAM * EPSARN
7 , EPBARP , DELEPN SIJ_ , .DIJ.

I CALL ONEL(IEXIT)
GO TO 10

2 CALL TWOLIIEXtT)

GO TO 10

3 CONTINUE
4 CALL FOURL(IEXIT) .

GO TO 10
5 CALL FIVEL(IEXIT)

10 CONTINUE
WR!TEI•6,I'P IEI..T......
GO TO (1,293,945#61 *IEXIT

6 CONTINUE

CALL EXIT
it FORMAT(IOHI IEXIT - 121 ... .

STOP
END

jote: Subreoatine 0"Re , listed on .er 190, in put in the root
segment of the program after the main program, so it vilmi
b e accessable to all is callers.
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SUBROUTINE ONEL(IEXIT)
C GRUMMAN AEROSPACE CURP. DECK NO& 45128 LINK I

DIMENSRON TALF12(1I)vTALF23fII)*TALF31I (1 PTALF44(11
D.I." ME ,ENSION LL12I2(34),ALL223(34).AL1231(34).AI.FA44(341

DIMENSION PMTM( 103)1 KPMTM( I OleSIM(1021.SIJ(102.102)l TSIGN( I It
DIMENSION TEPSN( itI.SIGUK(102).EPSUK(102),SGBARN(34)oSGBARP(34)
DIMENSISON SGBARM(34),EPBARN(341.EPBARP(34).DELEPN(34)
DIEIMESION 01c4(102)5DIJ(1029102).DEFL(102)
DIMENSION BL(6) IO( 12) NR(3) .ND(3)IEL(3) .TA(I1)

DIMENSION PSTEP(3)
DIMENSION NFA(1) .NFB(I)
CUMMCN /COMA/ KLUj39KLU4,KI.U59K1_U6*NA, NC @NDE 9INTAPE9NIN9NOUTisNAUX

2 K , KERRSW , KSET * RU64EST v E 9 EXP 9 S7
3 * GNU 9 SHRUOD , PM
. " PMTM 9 KPMTM 9 SIN 9 DIN c OEFL • TSIGN * TEPSN

5 • TALF12 o TALF23 9 TALF31 * TALF44 * AL1212 s ALL223 * AL123t

6 . ALFA44 , SIGGUK * EPSUK o SGEARN o SGBARP , SGBARM 9 EPBARN

7. 9 EPDARP 9 OELEPN SIJ DIJ
DATA BL/36HLOAD VOID TAPE FINS ESTM /

DATA ID/ 72H SIN SIJ TSIGN TEPSN Dll DIJRAMOSG SIN

IsiJ IM 01., /
KERRSW I 1
INTAPE NIN
NFA(3) 3
NF3(I) 4

C
...C " * i SELECT CLUE NFC AS APPROPRIATE WHEN CCMPILING $

. NFC - 0 FOR GISMO CARD FORMATS ON AUXIL* TAPE (SIM*SIJ*DIM*DIJI

C NFC 0
C NFC = 40 FOR COMAP FORMAT CARDS WHEN DEBUGGING (SIMSIJ.DIM9DIJ)

NFC =40"

C NFC 42 FOR FORMAT PACKAGE DECIMAL MATRIX CARD FORMATS ON

C AUXILIARY TAPE 9 ONLY (SIM*SIJ9OKNDIJl FOR AFFDL

C NFC = 42

C

C KLU3 = I WILL INDICATE US.E OF THE RAMBERG-OSGOOD EQUATION

C FOR ST1.AINS, NOT A TABLE INTERPOLATION
K1_U! = 0

KLUS = 0
KLU6 = 0

PSTEP(I) =0.0 .
PSTEP(2) 0.0

PSTEP(31 = 0.0

RUNEST = 120.

K = C
KOOOFX = 3
..TII-G -iUTiNE DISABLED

C IT = ICHRfJN(KOOOFX)

DO 51 J22=1,10
51 K72MTPI(J22) = 0

LROW O
READ (NIfK,1) KLU4.KLU7,NA.NDE.GNU,(TA(1I 1I=1I1)

WRITE INUOLT21) (TA(I)91:1 11)

C KLU7 (INPUT) = 0 TO PRINT ON SELECTED CYCLES
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C KLU7 (INPUT) = I TO PRINT ON ALL CYCLES
IF(KLU7)384,*384-.82

382 KLU6 = I
C K'LU6 (OUTPUT) . I TO PR4INT EACH CYCLE. 0 TO PRINT SELECTEb 'CYCL.ES

384 CONTINUE
.C KLU4 = 5 TO 9 FOR A CCNTINUATION RUN
C = I TO 4 FOR INPUT ON AUXILIARY R4ATRIX TAPE NAUX (9)
C "DECIMAL INPUT CARDS MUST ALWAYS BE IN INrUT STREAM
C DECIMAL INPUT TAPE MOUNTS ON L3GICAL UNIT NAUX (9)

IF(KLUA.LToI) GO TO 3C2
IF(KLU4.GT.4) GO TO 344

. TO 34-3

344 CONTINUE

...-C . .SAVD TAPE FROM PREVICUS RUN OF INELACSTIC PLATE
C ¥HIS RUN IS A CONTINUATION

i - IIIXI1 "= 2

RETURN

C SEPARATE MATRIX INPUT TAPE - NOT IN INPUT STREAM
.. THIS RUN I' A NE -ONE

INTAPE = NAUX

KLU5 - KLU4
302 CnNTINUE:

r NE'-'UNi - ALL THE INPUT IS DECIMAL IN rHE INPUT STREAm
WRITE (NOUTeQI
.i .. "AD (NIN,2) rEMPIoT9MP2.TEMP3*TEMP4

LROW = LROW + I
S2............ -.- J 1 6

IF(TEMPI9F.*e9L(J22)) GO TO 54

C RAD CONTROL CARD
-*'RITE-(NOUT, 12) "LRDW

WRITE (NOUT,2) TEMPIoTEMP29TEMP3*TEMP4
G If. anT 998

54 GO TC (55o66,S56060o,65lJ?2

.SiF'(L~ow- lo) s569 •Ee3
C KPMTMC N ) = I FOR A LOAD STEP
C. -.. P'tM( N ) = 2 NOT USED

C KPMTM( N I = 3 TO DUMP MEMORY INTO A SAVE TAPE
"-C' PMTM (N'1) = UPPER LIMIT OFPSTEP
C PMTM (N:2) = INTERVAL (INCREMENT) FOQ CALCULATION
•- 'IT)I4-T4.3V1=!TI~lPI-41AL (ITCRA NT) PCR IPRINT OUTPUT

56 KPMTO(LROW) = J22

- 'ITPr4 ALR4OW*2)= TEMP2
TEMPE = TEPP2-PSTEP(J22)

. .PYTM (LIROW. •l -SI GN( TEMP3 9 TEPS I
PSTEP(J22) = TEMP2

.... "IF" WIVTJI( L ROW1' )'ST7.'3,57

63 GO TO(99599gS•57)9J22
.5?- CONTYINUI "

PMTM(LROW*3)m TEMP4
GO TG52 "

65 RUNEST - TEMP2 1.0

GO TO 52
60 CONTINUE ITI;



1"

DO 3%1 J23 =91C
IF(KPMTN4J23))3.I,361,362

362 IF(KPMTM(J23j-4)36J 3 A3 - 1 9361
363 J24 - KPMTM(J231

GO TO (3E493e~v3ei8J9JZ4
364 WRITE (NOUT*22) P04TM(J23,2) &PM'rMtJ23ella

IF(PMT4(J 23% 3) 301# 361,365
365 WRIlE (NOUT,23) PMVM(J23*3)

GO TC 3f.1
368 WRITE (NOUT,92)

*361 CONTINUE
IF( GNUs6,ATq,8'r

86 GNU = .3
87 CONT INUF

IF4NA)g9999lVJ2
91 NA s102
92 1F(NA-1Oi) 93.939999
93 CONT'INUE

q)6 IF(NA-3*(NA/3))9 •;9,9999
QLt7 NC NA/3

DO 303 121 = 1.11
TSIGk(1211 = 0.0

303 TEPShN(2ZI - 00
IF(KLU4) 308.308.306

306 CnNT INUE
INTAPE -NAUX
KLUS KLUS - 1

C STATEMENT 108 READS INPUT STREAM O08 AUXILIARY TAPE NAUX (9)
108 CONTINUE

fF(IN7APEoLO.NIN) GO 70 1106

IF(NFC-40) 1108o21CS.3108
C GISMC FORMAT CARD READING LIST

1108 READ (INTAPE9 31 NAME .NIROWS.NCOLS
GO TO 1001

C COMAP FORMAT CARO READING LIS7
2108 READ (INTAPE,43) NAMEeNROWS.NCOLS

WG TC 1001

C AFFOL FORMAT CARO READING LIST

3108 READ (INrAPE9A5) NROWS.NCOLSoNAME
1001 CONrINUE

DO 1IC 121 = 1.12
IF(N0Z,'-1D(1,20))II093119o1IO

1i0 C1NT!NUE
C nAD INPUT - MATRIX NAPE NOT ACCEPTABLE

GU TO ;97
311 GO TC (321.322,323.324,325.3264?2. 91II321.322.3259326).121
321 00 33 !1 = 1oNA
331 SIM(Il) = 0.0

WRITE (NOUT920) NAME*NROWS*NCOLStNTAPE
IF(NROWSoNE*NA) KERRSW2
IF(NCJLSoNE.i) GO TO q9O

'GO TC 111'
322 O J12 11 - leNA

00 322 12 eiNA
33?; SJ(I1.2) 0.0

WRITE (NnUT*201 NAME 9NROWSoNCOLSI• ITAPE

S"?



IF(NROWS*EQENCOLS) GO TO 433
WRITE (NOUT,33) NAMENROWS*NCOLS

KF.RSW = 2

GO TC 468
433 CONTINUE

468 CONTINUF

GO TC III

323 DO 323 I1 = l.11

333 TSIGK(11) = 0.0
GO TC 111

324 DO 34 I1 = 1.11
334"T!.PSK(il) = 0.0

GO TC 11I

325 00 32S It = INRCS

335 DIM(tII.) = 0*0
WRITE (NOUT,20) KAME*NROWSoNCOLS*INTAPE

IF(NCOLS*NE.1) GO TO 990

'-(NRdws.EQNDE) GO TO 449

KEPRSW = 2
WRITE (NOUT940) NROWS9NAME9NOE

44) CONTINUE
GO TC III

32§ DO 326 11 = ltNRCS

60-3i6 12 = 1,NCCLS

336 DIJ i1919')= 0.0
WRITE (NOUT,200 IAME9KROWSsNCOLS.INTAP_

IF(NFOWS*EO.NDF) GO 10 461

KE'R4SW = 2
WRITE (NOUT,40) NRUWS.NAMENDE

461 CONTINUE

GO TC 111

472 S7 z 0.0

EXP = 0.0

F = 0.0

KLU3- 1

WRITE (NOUT*37)

GO TC III

III IF(121*EQe8) GO TO 150

112 CONTINUE
IF(ITAPEE(UoNIN) GO 10 1112

IF(NFC-40) 1112.211293112
C GISMC FORMAT CARO READING LIST

1112 READ (INTAP', 4) (NR(122),ND(122),EL(122lo.22==13)

Gn TC 1002

C COMAP FORMAT CARD READING LIST
2112 READ (INTAPE944) (NR(I22).ND(122).EL(I22)9122=193)

GO TO 1002

C AFFOL FORMAT CARD READING LiST

3112 READ (INTAPt,46) (NR(122).ND(122),EL(122)9122-1.3)

1002 CONTINUE

IF(NR( I))1996, 109,113
109 IF(KLU5)308.30683C6

308 INTAPE = NIN
GO TC 106

113 GO TO (122.122.125.126,201.202,474,150.1219122.201,202),121

C READ IN ARRAY SIGMA-IN
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11 MR0W =NR4(I)
121 WRITE (NOUT.4b (NR(122).NDtK2?)vEL(I22), 

2 2 .- il)
SIN (MRUW) EL(I)
IFIEL(2) ) 127.128,127

127 MROW = NR(2)
st" (MR•ON) = EL(l•)128 IF(EL(3))129q,:12,|1q

129 MROW - NR(3)
SIm (MROW) EL(3)
GO Ta 112

C READ IN ARRAY SiGMA-IJ

122 ROW= NR(1)
MCOL = NO(I)
SIJ (MROiW.MCOL) = EL(l)
IF(EL(2)) 130*131,130

130 MROW = NR(2)
MCOL = ND(2)
slIJ (MRUWsMCOL) = EL(2)

131 IF(EL(3))1329112,132

1... -32 RO = R(3)
MCOL = ND(3)
SIJ (MROW*MCOL) EL(3)
GO TC 112

ZCkREAD "bl ARRAY TSIGN (TABLE OF SIGMA BAR N)
125 MROW NR(1)

TSIGN(MRnW) = ELM
IF(EL(2) ) 130 140%J39•

"1!39- M-OW= NR ( 2
TSIGN(MROiW) = ELM2

~~~1 .ý .....• i• ( 3 )1141911 91 z ,41
141 MROW = NR(2)

TSIGN(MROW) = EL(3)
GO 10 112

. R'EAD IN ARRAY TEPSN (TAU3LE OF EPSILON dAR N)
126 MROW = NR(l)

TEPSt'(MRCW) -- EL(I)
IF(EL(2) ) 142v 143,142

14 MROW '= NR(2)
TEPSK(MROW) = EL%2)

143 IF(EL(3)) 144.112.144
144 MROW = NR(3)

TEPSh('ROlW) -EL(3)
GO TC 112

C READ IN ARRAY 011
201 MROW = NR(I)

WilliE (NOUT94) (NR(12.),ND(122)oEL(I22a)122-1.3)
DIM( MROW) = ELC I)
T•('EL ( 2I I221 ,222 2.221

22k MROW = NR(2)
-- DIM(NROW) z EL(2)

222 IF(EL(3))223,9I2o223
-223 .ROW - NR(3)

0IM(00ROW) = EL(3)
... . . . ' C 112

C READ IN ARRAY DIJ
202 MROW = NR(I)
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MCOL = ND(I)
DIJ(UROW9rCOL) •' EL(M)

IF(FL(2))22492259224
224 MRUW = NR(2)

MCOL = ND(2)
DIJ(l0ROW9MCOL) = EL(2)

225 IF(EL(3))226,112,226
226 MROW = NR(3)

&CnL = ND(3)
0IJ(NROWqMCOL) = EL(3)
GO TC 112

C READ IN CONSTANTS FOR RA~QERd-09GO6'*eQtT|ON"
474 S7 EL(l)

EXP =FL(2)
F " EL(3)
WRITE (NOUT*38) S..EXPoE
GO TC 112

150 "CONT INUE
C END CF LOOP THAT READS DECIMAL MATRICES

IF(KLU4*GEol) REWINO KAUX
165 00 16 I = 1.11

TALF12(I)= 0.5
TALF23(I)= 0*5
"TALF*1(tI)= 0.5

166 TALFA4(11= 1.0
C *** IF(KI.U5.EQ.I) TSIGN(2) a START OF INELASTICITY
C TSIGt(2) MUST BE SUPPLIED OR THE PROGRAM ASSUMES PLASTICITY
C STAPTS AT ZERO EFFECTIVE STRESS

IF(KLU3*EO•l) GO TO el
F. = ISIGN(2)/TEPSN(2)
IE = IFIX(E/100,
E FLOAT(100*IE)

81 SHRMCO = E/(20*(leO.GNU))
WRITE (NOLT9S) E ,SHRP ODGNU
WRITE (NOUTse)
00 149 11=1,11

149 WRITE (NOUT.7) 11,TSIGN(I1)*TEPSN(I11
"K 0
PM 0.0

152 IEXIl = 4
CALL OVRTIM(K000FX)
IF(KERRSW*EQ@2) GO TO 993
RFTUSN

990 WRITE (NOUT#33) N.AME9NROWSvNCOLS
GO TC 9')8

993 WRITE (NOUI.34)
GO TC 998

995 WRITE (NOUT916) LROV
GO fo 998

996 CONTINUE
WRITE (NOUT,14) NAME
WRITE (NOUTo4) (NR(122)oND(t22)3EL(122.122z=1 3)
GO TC 998

997 CONTINUE
WRITE (NOUT913) NAME

998 IF(KLU49GEol) REIND NAUX
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CALL EXIT
999 WRITE (NOI.T1I• Niok

GO TC 98
I FU'RMAT% Il•r 21j%,Ff.3• o 1A6)

2 FORMAT(6XA*.otOo6,ElO. IEIO.o)
C * GSMAC CARD FORMATS FOP TAPE 9

3 FORMAT(lIXt A69IN9213)
4 F0RMAT(3( lXv2-f3vEI6of} )
5 FORMAT(26HI MOOULL'S OF ELASTICITY U *F11*094H PS196X*16HSHEAR MOtDU

.ILUS =F 1*094H PSi*,XS5HNU 2 *F6.3)
6O r-RMAT(41HO TABLE OF VALUES FOR STRESS-STRAIN CURVE //

15X*2SHPOINT STRESS LEVEL STRAIN/16X..3HPS oI9X,7HI N/INe/.' )
7 FflRMAT(6X, I3,FI3,2,F1Co8)
9 FORMAT(//79H THIS ISUTROPIC RUN USES ELASTIC UNLOADING (HOOKES L

lAW) tITH STRAIN HARDENING)
11 FORMAT(10H E.RROR NA=14)
12 FORMAT(26H ERROR- INCREMENT CARD NO*,13*5H N*G,)
13 FORMAT(14H 11tRROR-MATRIX 9A6?
14 FORMAT(17H ERROR-NEGoINDEX A6)
16 FORMAT(33H ERROR-NO INTERVAL-INCREMENT CARD913)
20 FORMAT(//5X97HMATr4IX 9A691X*13*SH ROWS X 913.19H COLUMNS FROM TAPE

1 912)
21 FORMAT(1HI.29XI11A6)
22 FORMAT(SXI6HLOAD INCREMENTS 9F9.21101 PCUNOS TO ,FIO.2,TH POUNDS)
c.3 FORMAT(1I-H+61Xl1;HPRiKT OUTPUT EVERY *F9*2*7H POUNDS)
27 FORMAT(SX*35HSTORE MEMORY ON TAPE 11, THEN EXIT)
31 FORMAT(10Xet2)
33 FfnRMAT(14H INPUT MATRIX 9A6*214946H CN TAPE IS NEITHER SQUARE NOR

IA COLUMN VECTOR)
34 FORMAT(74H INPUT ERROR - INDEX IN INPUT MATRIX DOES NOT MATCH CL

lUE IN CONTROL CARD)
37 F"OPMDT(//5XP4HRAM83ERC*-OSG(OO CONSTANTS)

38 FUP AT(5X.*22fINPUT REFERENCE STRESS tFI6e7/SX*14HINPUT EXPONENt,
lFf6.!/5X.15I4YOUNG*S MOOULUS*FIlo0)

40 1OHMAT(//5X9JI3*t.H ROS IN MATRIX *A6915H DOES NOT MATCH,14o
119H NOWS 11 INPUT CLLE/SX,2IHRUN WILL NOT CONTINUE//)

C $ COMAP CAR4D FORMANS FOR TAPE 9
43 FORMAT(11XvA694XqI3*2Xts3)
44 FORMATI 3( 214.I.5t?,IX))

C ,* SPECIAL FORMATS FOR AFFOL FORMAT INPUT ON AUXILIARY TAPF 9 0 *
A^ FORMATf(X.@214.5?' •A6l

46 FOAkAT(lX,3( 249El3591X))
ENID
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SUBROUTINE TW'JL(IEX I)
C GRUMMAN AEROSPACE. CORP. OECK NO. &5;'R LINK 2
t MATRIX ANA-.YSS% OF INELASTIC PLATE LINK 2

C TtHI• LINK READS IN A SAVED BINARY TAOE - FIRST PART
DIMENSION TALFI2(Ii).TALF?3(lI).TALi-3IIi)l TALF44(IlI
OIMFNSION AL1212(34A.AL!223(34),ALI23J(34) 9ALFA44(34•

DIMENSION PMTM(10.3)IKPMTR4(IU).SIM(102.SIJ(JIO2e102).TSIGN(I1I
DIMENSION TEPSN( l).SIGUK(102)oEPSUK(102)SCGI)ARN(34),PSGSARP(34)

DIMENSION SGBARM4(34 ),EPBARN(341 EPBARP(34) .DELEPN({3')
DIMENSION DIM(I 02l.DIJ(I02*l02) .DEFL(I02)
rOMMON /COMA/ KLU39 KLU4*KLU59 KLU6vNA.NC.NDEI NTAPE. NII NOUT NAUX

2 . K * KERRSW , KSET v RUNEST a E , EXP 5T
3 * GNU * SHRMOD . PM

SPMTM , KPMTM . SIM 0 DIM . DEFL . TSIGN TEPSN

5 •T, ALFIZ v TALF23 o TALF31 i TALF44 * AL1212 s AL1223 AL1231
6 s Al-FA44 s SIGUK , EP3SUK # SGRARN4 o SGSIAIP o SGSARN EPBIARN

I * E-BARP * DELEPN . S:J * DIJ
OIMENS ION JL(6)
DIMENSION PSTEP(31
DATA AL/36tLOAD VOID TAPE FINS ESTM /

INTAPE = NALIX - I

HEAD I INTAPE) KLU3,KLU4,KLU5. NA.NCNDEv NINuNOUT
2 * K , KERRSd , KSET * RUNEST . E , EXP o ST
3 . (,.VU . SHRM400 * PM

C KLU6 = I WILL PRINT EVERV CYCLE. 0 WILL PRINT OMLY SELECTED CYCL.ES

WRITE (NOUT.9)
NCLU 2 1

KEPRSW = 2

Dfl 51 142 = 1. 10

51 KPMTMtI42) 0
PSTEP( I) = 0.0

PSTEP(2) = 0.0

LROW = 0

52 PEAD tNIN*2) TEMPITEMP2,TEMP3,TEMP4
LROW - LROW + I
DO 53 J22=I,6

IF( IEMPI.EQ.L (J22) ) GO To 51
53 CONTINUF

C BAD C3NTRO. CARD
WRITE (NOUT*12) LRO•

WRITE (NOUT.,) TEMP I.TEMP2& TE.4P3*TEMP-
CALL EXIT

54 GO TO k¶S,66.55,60.60,65).J22
I5 IFf O W--10156v, 56,93

C KPMTM( N I = I FOR A LOAD STEP
C KPMTM( N ) = 2 NOT USED

C KPMTM( N ) 3 U OUMP MEMOFY INTO A SAVE TAPE
C PMTM (N.I I = UPPER LIMIT OF STIEP
C PMTM (N.2) z INTERVAL (INCREMENII FOR CALCULATION

c PMTM (N.3) = INTERVAL (INCREMENT) FOR PRINIT OUTPUT
56 KP'MTM(LROW) = J22

NCLU = 2



KSET =

PMTM(LROW. I)= TEM4P2

TEMP5 = TEMP2-PSTEP(J22-)
PMTM(LROW.2)= SIGN(TEMP3.TEMPS)

PSTEP(JZ2) = TEM'P2

IF(PMT#|LROWU 2 ) 157s 6-'t57

63 GO TO 1 995995. T57).J22

57 CONTINUE
PMTM(LROW*3)= TEMP4

GO TO 52

65 RUNEST = TEMP2 - 1.0

66 LROW = LROW I-

GO TO 52

60 CONTINUE-
GO TO (C,1,621#NCLU

62 CONTINUE
READ I INTAPE) JUi4K
READ I INI'APE) JUNK

GO TO 64
61 CONT INUE

READ C INTAPE) P;4TM

R:EAD (ItTAPE) KPMTM

64 CONTINUE
WRITE (NOUTwI)

0n 361 J23 = 1.10

IF(KPMTf4 J23))361I361,362

362 IF(KPMTM(JZ31-4136-e361*361
363 J?4 = KPITH( J231

GO TO (364,3640368)9J24
364 WRITE INOUT,22) PMTMIJ2392)vPMTMtJZ3.1)

IF( PMTM( J 23.3) )361o 3e1l 365

385 WRITE (NOUT.23) PMTM(J23,3)
GO "O 361

368 WRITE (NOUT927)

361 CONTINUE

R -A D I NTAPE) SIM

RCA: ( IN! I P -I h. I..
READ tINTAPrt DIM

READ { INT APE) D!J

READ (INTAPE) DEFL

READ (INTAPI) TSIGN
RCAD I INTAPE) TEPSN

READ (INTAPE) TALFi12

READ I INYrA!) TALF23
READ ; INTAPE) TALF31

READ I |NTAPE) TALF44

READ ( INTAPE) AL 121
READ ( INTAPE) AL1223
READ (INTAPE) AL1231
READ I INTAPE) ALFAt4

READ CINTAPE) SIGUK

READ ( INTAPE) EPSUK

C GRUMMAN AEROSPACE CORP. DECK NO. 45128 LINK 3

C MATRIX ANALYSIS OF INELASTIC PLArE LINK 3

C THIS IS THE SECOND HALF OF OLD L3NK 2

C THIS LINK READS IN A SAVED BINARY TAPE - SECOND PART



i Rt7A• fINTAPE) SG8&RN

READ ( INT APE) SGSARP
READ ( INTAPE) SGIARB4

READ ( IN1 APEI EPSARN
READ (I.NTAPE) EPBARP

READ (INTAPE) DELRPH
REWIND INTAPE

WRITE (NOUT.51 E*SHRMOD,,GNU
IF(KLU3.NE.1) GO TO 140

WRITE (NOUT93?t

WRITE tNOUrt.381 STwVX~E

140 CONTINUE

WRITE (NOUT96)
DO 149 1l=lt It

149 WRITE (NOUT.?) tllTSIGN(II),TEPSN(II)

IEXIT = 4

CALL QVDT IM(KOOOFX)
RETURN

995 WRITE (NOUT. 16) LROW

CAL_-. EX IT
STOP

I FORMATI( LH.29X.37tCONT[NUATION RUN - INELASTIC ANALYSIS)
* FORMAT(6X, AtoElO*6ElO.e*E!Cl.I•)
* FORMATI26HO I14c?0ULUS OF ELASTICITY - oFIS.0.4H PSI ,6X.16HSHEAR MODU

ILUS = FI,.0.4H PS!.6X.Sf4NU - wF6,3)
6 FORMAT(41HO TABLE OF VALUES FOR STRESS--STRAIN CURVE /1

I5X*29HPOINT STRESS LEVEL STRAIN/16X.3HPS;.9X.tHIN./IN.//)
7 FORMATf¥[A.13.FI3.2.Fe5.81
9 FORROAT(//79H THIS :SOTROPIC RUN USES ELASTIC UNLOADING (HOOKES L

2AW) WITH STRAIN HARDENING)
12 FORMAT(26H ERROR- INCREMENT CARD NO..3vSH N.G.)

16 FORMAT(33H ERROR-NO IKPTERVAL-INCREMENT CARO,13)
22 FORMAT(SX9 iHLCIAD INCREMENTS *F9.29IIH POUNDS TO .FIO.297H POUNDS)
23 FORMAT( IH4..61XsI, 1R:..¢ CUTPUT EVERY *.Fg.297H POUN4DS)
Zt '-nDRA!(5Xc:35l4ST 0Pf MEMORY ON TAPE A-6~, TIEN CX~T;
37 FORMAT( //SXZ24HRAMBERG-OSCflOfl CONSTANTS,
38 F3RMAT(SXw22H!NPUT REFERENCE STRESS.EI6.7/5EXw4HINPUT EXPONENT*

IFIO.5/5X. 15 AYUUNGOS MOD%).USqFI a 0)

END I

I.



U

SJOROU19NE FIVEL-(CEXIT)

C GQUMMAN AEPOSPACE CORP. DECK NOm 45128 LINK S
C MATRIX ANALYSIS OF INELASTIC PLATE LINK S

IL THIS LINK WRITES A SAVE TAPE FORM RESTART

DIMENSION TALF IZ{ I I1 PTALF2.3( It ' TALF31 ( I I I .TALLF4 ( l)

DIDMEWE-,ION AL2127IJ•4),ALI223(34).ALI231(34) .ALFA44(34)

DIMENSION PmT'I(I0.3).KPATM(IOI.SIM(IO ).SIJ(IO2.IO*2IrSIGN(J1)

DIMENSION TEPSN( I I S I GUK ( 10 2E P5UK( I I .L a . SIBA N|-134 1 .SGSAPP( 34)

DIMENSION SG8ARM(34).EPBARN(34|*EPSARP(34) .OELEPN(34)

DIMENSION DIM( IOI2.1 IJ( i 02.IOZ) *DIEFL(I 02 I

COMMON /CO•',,' KLU3.KLU4.KLUS.KL.U6.NA.NCNDE.INTAPE.NIN.tN'Ut .NAUX

2 * K s KVARSW e KSET s RUNEST 0 E * EXP . S7

3 * GNU v SHRMOL) a PM

4 , PMTM v KPMTM v SIM v DIM * DEFL T 1SIGN . frEPSN

6 * TALFI; o TALF23 w TALF3| s TALF4A @ AL1212 * ALI2.3 * AL1231

6 s ALFAA4 o SIGVJK e EPSUK -.GlARN w SGI.ARP o SGBAR14 . EPBARN

T . EP!3ARP * DELE-N * SIJ * DIJ

NSTAPE - It

WRITE (NSTAVE) KLU3*KLU4*KLUS* NA*NC*NOEs NINNOUT

1 V. , KIRRSW a KSET s RONEST o t EXP * ST

3. GNU v SHRMOD s PM

1aR[TE (NSTAPE) PMTM

WRITE (NSTAPE) KPMT M

WRItE HNSTAPE) SIN

WRITE (NSTAPE) SIJ

WRITE (NSTAPE) DIM

WRITE CMSTAPE) DIJ

WRITE (NSTAPE) DEFL
WRITE (NSTAPE) TSIGN

IRIYE (NSTAPE) TEPSN

WRITE CNSTAPE) TALF 12
WRITE INSTAPE) rALF?3

WRITE ClSTAPE) TALF3I I
WRITE (NSTAPE) TALF44 -

WRTTF f' ¢( TA-E) AL1212

P-I- (N-TA.J) AL1223

WRITE (NSTAPE) AL1231

WRITE (NSTAPE) ALFAA4

WRITE (NSTAPE) SIGUK
WRITE INSTAPE) EPSUK

WRITE (NSTAPE) SGSARN
WRITE (NSTAPEP SG8ARP

WRITE (NSTAPE) SG49ARM
WRITE (NSTAPE) EPBARN

WRITE (NSTAPE) EPBARP
WRITE (NSTAPE) DELEPN

WRITE (NOUTv25) NSTAPE

PRINT 25,NSTAPE
END FILE NSTrAP

REWIND NSTAPE

WRI IE (NOUT*25) NSTAPFE

CALL OVRTIM(KOOOFX)

CALL EXIT

RETURN
25 FORMAT(19H SAVE LOGICAL TAPE .13* 10|H FOR RRUJN///)

183



i

SUBROUTINE .O'jRLE IEX IT)
C GRUMMAN AEIRI3OSPACE CCflP- DECK NO. 4.52I LINK 4

SMATR'IX ANALYSIS OF INELASTIC PLATE LINK tt

C THIS LINK DOES THE C-ALCULATION AND WRITES PRINT OUTPUT

DIMENSION TALF12(11),TAL.-23( Ill TALF3t(II) #TALF44(Ill
0IMENSION AL1212(34),.AL12•3(34).ALt231(34) vALFA44t(341
DIMENSION PMrtM(O,33,KPNTMtIO•).SIM(102)tSlJ(102,t02).TSIGN(II)

DIMENSION TEPSN( ,I.|SIGUK(.!02),EPSUKIi02).SGBARN(3.) SG5AfP(34)
DIMENSION SGBARM(34IEP83ARN(34).i PBARP(34) .DELEPN(3A)
DIMENSION DIM( -02toDIJ(I02.102)J.0FLI- 02)

DiMENSION TEFSTN(34)•TOTEh3StIO 1.OELEPK(10)
COMMON /COMA/ KLU3.oLU*@KLUS KL.U6.NA.NCNDo-INT.ý'.t ,NI NNOUTNAUX

k K , KERRSW . KSET * RUNEST 9 E * EXP v S7

3 . GNU * SHRMOO , PM
4 9 PMTM * KPI.;TM .SLn 0 1 i,; . trL I r * i TEPSN

5 , TALFI2 TALF2.% 9 TAt F31 , TALF44 * AL1212 , ALl.... 9 AL1231
6 * ALFA4A4 SIGUK I EPSUK 0 SGBARN * SGBARP , SGBARA a ,.PBARN
7 1 EPSARP . OELEPN v SIJ 0 OIJ

GO TO (418*419),KERRS"

C INITIALIZE WORK AREAS
41l5 00 102 It = INA

EPSUK (II) = 0.0
102 SIGUK(Ii) = 0.0

DO 103 II = INC

DCLEPN( II) = 0.0

SGBARPI•Il) 0.0
SGBARM( III 0.0

EPBARP(II= 0.0
AL1212( It)= 2.0*TALFIZ(2)
AL1223(I11= TALFI2(21 4 TALF23(2)

AL1231.( t1)= TALFZ(2i) + TALF31(2)
ALFAA( II )= TALF44(2)

103 EPBARN( I1) -.0.

DO 105 ItI I .NDE

105 DEFL'(!I = 0.0
KSET = I

419 CONTINUE
KREF -k

IFiKLU3.FQ.O) GO TO 151
AA =3.*CC(I./SV)i**.EXP--I.))/7o !

151 K K + i
KL U 2 =1

C IF KLU2 = 0. THE CYCLE OF OPERA!.IONS WILL FIE PRINTED

C KLUE, = I WILL PRINT EV-RY CYCLE. U WILL PRINT ONLY SELECTED CYCLES

I F TOU (46 )24 8 * KE8 RS

24 (KKLU ) = 0
24 4 CONTINUE

I F CK--I ) P7 0.2 70, 271

27U KLU2 = 0

271 CONTI[NUE

GO TO (41.4171,tT~KE•RRSW

41l7 KLU? = 0

KERRSW = I

416 CONTINUE 18L3



C KSET IS THE RnoW OF KP&ITM OR PMTM SItNG SED ICURRENT LOAD LEVEL)
300 JF(KjET--!1131,,01319*3•;-

331 IF(KN4TNK51_ET))302.302.303
30P KSET = KSET * I

GO TC 700
303 IF(KPTMT(KSEI)-4)304s30230;!

C VARIABLE (J24) INDICATES A LOAD CYCLE (11 OR wRItE ENORY ON.

C A SAVE TAPE (3). tZ) IC NOT UStD*
304 J"4 u KPMTM(KSETI

IF(PMTI(KSET,2)) 342#342. 341
341 GO TO (30b5305,423).J24

34e GO )Yu (3.5.345q423),J24

305 IF(PMTM(KSET.I)-(PN÷PMTMIKSET.23)) 316o309*308
345 IF(PMTMIKSETI)--(PM+PMTM(KSET.21)3 3089309.316

30q KLU2 = 0
338 DELPM = PMTM(KSET,2)

GO TO 154

316 KLU? = 0
GO TO 302

31Q IF( KLU2 )205. 205# 320
320 KLU2 : 0

KSET " '(SET - I

IF(KSET )-'059 205, 321

HI321 IF(f KPMTM( .SFT| 320• J20. 300

154 CON. ;..NUE

335 CONTINUE

502 PM = PM DELPM

3.4 CALL OUTPUT(PMPMTM(KSET93),KLUI)
326 IF(KLU21327.328.327

327 KLU2 = KLUI
328 CONTINUE

IF(KLU2)?50.250.251

250 CONT INUE
C LABEL = APPLIED LOAD

WRITE (N UT922) PM

C SAVE PR•ECEDING CYCLE VALUES OF EPSARN
DO 152 iI I.-- !tNC

S152 EPSARP(I!) EPBARNt Ill

C CALCULATE NODE STRESSES - MATRIX SIGUK - FRAME SIZE 105 X 1
C COMPUTATION Of- STRESSES AND DEFLECTIONS IN THE INELASTIC RANGE
C REDUCE SJ*EPSUK M4ULTIPLICATION BY SELECTING THE CaLUMNS Of SI,

C CORRESPONDING TO THE NON-ZERO ELEMENTS OF EPSUK

DO 86! :5-1.NA
861 SIGUK( I5)= SIM( I5)*PM

DO 631 15=1.NDE

643

631 OEFL( 15) z 01P•{ 15)*P• F(PU(1)E MO0 OT 4

' ~Do 641 14=1.NA

S~DO 643 12= 1 NA

643 SIGUK(121= SIGUK(2+ SIJ(12.14)*EPSUKI[4)

DO 644 13ý19NUE

644 L)EFL( I 3)=DEF"-{ 13) ÷DIJ{ 13,p14)*EPSUK(14)

64 1 CONT INUE
" IF (KLU 2 12e4 2549 251

254 CONT INUE



-+1'

C LAB9L DEFLECTIONS

WRITE (NOUT.231
KNDE NOE/2

VO 4.65 I1 1 I.KNDE
K.e[E2 - 2*11

KNOEI - KNDE2--

WRITE INOUTv241 II*DEFL(KF4DEI.O9EFLIKNDEZ)
665 CONTINUE
25S CONTINUE

C CALCULATE MAGNITUDE AND SIGN OF EF'FECT!VE STRESS AT EACH NODE
C CALCULATE EFFECTIVE STRESSES - MATRIX SGBARN - .'AW- SIZE 3$ X I

00 166 17 - 1.NC
SGOARP(II - SG8ARN(117)

M3 - 3'17
M32 = M3-2
M31 = M3--
SGBARN( 17 )=SQRT( ALI 231( t 7)*SIGUKtM32)**2-ALI21 2( 17)*SKGUK(M32) 0 SI

IGUK(M31)4.ALi223(17)*SIGUK(M3111*2+3.0*IAIFA44I(I7).Sl.UK(Mt3)s*2)
166 CONTINUE

C LABEL = EFF. STRESSES
C CALCULATE EFFECTIVE INELASTIC STRAIN FOR EACH NODE - INTFRPOLATE
C IN TABLE tTSIGN VS. TEPSN)

Do 181 10 m 1.NC
C SGiA, f- Fr.f'!TVF t;TrQc-'-. OF PREVIOUS CYCLE

IF(SGBARN(C8)-SGBARP(I8i141I1401.4O0
C EFt-ECTIVE STRESS IS ABOVE PREVIOUS LEVEL
C SGBAPM IS EFFECTIVE STRESS OF LAST CYCLE TO SHOW AN INCREASE

401 IF(SGBARNI 183-SGiARM(IS)I41l,4O2.402
C EFFECTIVE STRESS IS ABOVE KNEE OF PREVIOUS DROP-OFF. IF ANY

402 CONI INUE
403 SGBARMC(10) = SG9ARNI 1@)

ESUPRK =1SGL3ARN(I8I/E) # FPBARPCIB)

IF(KLU3.EO.I) GO TO 670 -
DO I?1. 19 - 1. 11
IF( ESLUcRK-TEPS_(t !va' •1'!. IF i a i3 i

17T1 CGiqT i;NUE

GO TO 998
172 BAR3GN = TSGd4(19)

IF(SGOBARN(I8)-TSlGN( ;| I 78I 7t177
177 AL1212(181- 2,0TALFI2(19)

AL1223(1t1= TALFI2(19)* TALF23(19)
AL1231tt8l1 TALFI2(19)t TALF314190
ALFA**(181)x TALF44(tIS)

176 CUNTINUE
GO TO 174

173 KKK2 = 19

KKKI 1 - I
STNRAT = IESUPRK-TEPSN(KKKIIJ/(TEPSN(KKKZJ-TEPSN(KKKII)

BARSGN = TSIGN(KVKI)4(TSIG,(KKK2)-ISIGN(KKKI )*SrNRAT
IFI SrOBARN( 18)-TSIGN( 2)1i76. 1175 9115

175 CONTINUE
ALFAI2 = TALFt2(r.KKI)4.(TALFI2(KKK2)-TALFI2(KKKI I OSTNRAT
ALFA23 = TALF23(KKKI)4ITALF23(KV.K2)-TALF23(KKKI))ISTNRAT
ALFA31 = TALF3I(K!K I I # I TALF3I (KKKZI-TALF3(1 (KKK I)) )STNkAT
ALFAh4( 18•1 =TALF41* KKK I)4I TALF44(KKK|- -IALFA44(KKK I) I*STNRAT

AL1212(181= 2.00ALFAI2-
186

I



U-II

iii

AL1223( 18b- ALF-AI2 * Al FA23

ALIZ311 I8)- ALFAIZ * ALFA31
176 CONTINUE

GO TO 174

670 CONTINUE
8•6NI w 5GIfARN( 18;
Do 674 l11-.10

FIBSN - AA*I$SrGN*sE XPGBSrpN--E*ESUPRK
F2BSN a AA*fEXPBSGNt*#l(E.P- I. I#&
5ARSGN OSGNI - FISN/F,8SN

TEST a BARSGN/BSGNI

SSGNI - 8ARS64
Ir(TEST LT. 99999) GO TO 674
IF(TESToGT.1,.00001) GO TO 674

Go TO 676

674 CONTINUE
676 CONTINUE
174 EPBARIN(tS) a 0.0

IF( SGRARN( 1al.GT.TSlGN| 2)) E-PBARNt 18)--ESVPRK-5ARSG~aWE

C CALCULATE TOTAL EFFECTIVE STRAIN -s MATRIX STN - FRAME SIZE S$Xt

TOFSTN(I8) N NSUPRK
C CALCULATE EFFECTIVE STRAGN CHANGES -- MATRIX DEILEP - FIRAME 35 X I

c CALCULATE INCREMENTAL EFFECT•IVE INELASTIC STRAIN

DELEPN( 18) P - PBARN( 181 -- EPBARPf 18)

GO TO 181

c ORODP-OFF OtF EFFECTIVE STRESS

C OR STILL BELOWB ,.4 KNEE OF PREVIOUS DROP--OFF

411 EPBARN(IS) - EPSARP(181
TEFSTN( 18v u EPBARP(Ie|+fSG6ARN(I8/EI
OELEPN(I18) - 0.0

1l1 CONT INUE

C

C
IF(KLU3.EO*0l GO TO 08'0

C USE OF THE RA9BERG--5GA3•o EQUATION IS ONLY VALID FOR

c~~ lS 19P! A.NC& S.
4IZiZ( 18 I1.0

ALt2231 18) 1 1.0
AL1231(18) 1.0

ALFA44( 18 = 1.0

679 CONTINUE

680 CONT INUE
c

C LABEL EFF.PLASTIC STRAIN

C LABS.E TOTAL EFF. STRAIN

CALCULATE NODE STRAIN CHANGE - MATRIX OELEPK - FAME SILE 105 X I

00 191 [I t -I 1|NC
T
EFMPA = IELEPH(illI,/ SGBARN(1111

M3 = 30111

M32 =M3-2

M31 = M3-1

DELEPK(M.12)-TEPA*tAL1231(lI*)*5ICIVKIM32)-.5*ALI212(11 )*SIGUK(m31

I))

187



DFLEPK( M3 I .T-WE- A*[ ALI223( 11) VSI (.UKI M311-.-" ALI 2ZI[ I I) !* I5 CUK(M32

O(LEPKIM38 uTEMPA*(3.O*ALI-A,& It1)*SIC.UK(M3))
191 CONTJINUE

C CALCULATE N110O #'LASTIC SIRAIN - MATRIX EPSUK - FRAME STYL 105 X I

C CAI CULAiE NODE POINT STRAINS

00 192 123=|.NA
EPSUK( 123) = EPSUKi 1231 + Y"LEPK([Z3)

192 C04T INU F
C LA89- - EFF.STRAIN CHANGES
C LABEL - NODE STRAIN CHANGE

C LABEL w NODE INELAS.STRAIN

C CALCULATE TuTAL NODE STRAINS - MATRIX TOTEPS - FRA'.E SIZE 105 X I

DO 201 I14=1.NC
M32 - 3*1 14-2
M31 3*1 14-i

TOTEPStM32)=CPSUK (M321+SICUK(I321 /E -GNU*SIGUK. INl/l•
TGTEPS(PA.3I)-EPSUK 1Ml431)SIGUK(M3II/E -GNU*SIGUK(M321/E

201 TOFEPSIM3 1=EPSUK (13 *S1VGUK(M3 I/SHROO0
IFI KLU2)262.262# 263

262 CONTINUE
C LABOS = TOT. NODE STRAINS

WRITE (NOUT,41)
WRITE (NOUT.42)
00 258 18 = I.NC
J3 - 3#18

J2 z J3-1
JI = J3-2

WRITE (NOUV.46) 18*SIGJK(JlI,'--'. K( 2).SI•UKtJ3)*TOTEPS(JII+

I TOTEPS(J2lTOTEPS( J31
2sR CnNrINUE

WRITC (NOUT.43)

WRITE (NOU1,44)

M3 25q IM = IJC
J3 3*18

J2=J3-1

it1 J.1-2
WRITE (NOUT.46) aO.EPSUK(JI).EPSUK((J21,E•PSUK(J3),DELtEPK(JI ,

I DELEPK J2).DEtEPKCJ3)

259 COiNTINUE
WRITE •NGUT.45)
DO) 260 18 = I.NC
WRITE (NOUT,46) I,.SGSAQN(181.TtFSTN(I 81DELEPN I 5),EI'13AERNlI81

260 CONTINUE

263 CfNTINUE::IF( KLU~l2268.268.i269 T 2

268 C04,T IN,-E

,VRITF (NPJLT.31) KoPM

26c) CONT INUL

IF(K.LEo(KREFF20)) GO TO 422
l KPEF = K

. ICALL OVQT If4(KO00FX)

C KOOO"-+ = I TO FORCE AN EXIT

GO T0( 421,4Z2)*KO0OFX

422 CONTINUE



GO TO ,51

C STATEFENT 4ZI 15 Rt.ACNLD IF THL RUtCNJN4 T|MiM IS ON- MINUTE

L BELOW THE 1 IME ESTIMATZ
421 IF(KLU2)423942397.00

423 CONTINUJ

CALL ovrt IM(It!OCrXJ

GO IO(207*209I.OOOFX

209 IF(J24-3P2I0920.Z--I

2OT CONTInlU--
IFX if - .5

RFT URN

210 CON.' T INU E

IEXIT = 6

RETURN

208 KERRSW = 2

C KERRSW SET TO 2 TO Mt.KL KLU. 0 AND PAINI A CYCLE

GO TO 151

998 CONTINUE

WRITE (NOUTt12) ESUPR%9SG5&RN( I8)

WRITE (NOUT.13) K.1.PM

GO TO 205

12 FORMAT(46:i VALUE NOT FOUND 14 TABLE FOR EPSILO•N BAR N L .E15.8.

1191 ( SIGMA BAR N - IEI5.8.V• ) I

13 FORMAT(16H LYCLE NUM1ER = .15.20H ELEMLNT INDEX * .14.17H LO

lAD LEVEL = F9.2)

21 FORMAT(// IX.4A4,A2.S( PElid.7)/II9X.5Ei6.7))

22 FORMAT(/f2fH APPLIED LOAD ,FI2.2)

23 FOR:4T(//QK.300IDEFLECftONS AT GEOMETRIC NO[PES//I4X.4HNODE.6X

197HOULTA XK*997HIDELTA Yl

:4 FORMAT( 15X. 14. 2E 16.7f

6- -. CCý-ES *LrA - 1F9•O2•

41 FORMAT( 122X13 "IJODE SrkESSES.33A.1IBHTOTAL NODE STRAIN$$

4 2 FORMAT(98H NODE SIGMA X SIGMA Y TAU XY

I EPSILON X EPSILON Y GAMMA XY)

43 FORMAT(/18Y*221-#lD.E INELASTIC STRAIN .29X.18HNLl)E StRAIN CHANkE)

44 FORMATI O98H ODE EPSILON A EPSILON Y GAMMA XY

I EPSILON X EPSILON Y GAMMA XY)

4 S FORMAT I / 27X t39HTOTAL EFFECLTVE EFFECTIVE/9X.56HF.FFEC

ITIVE EFFECTIVE STRAIN PLASI C/64H NOOE S

2TRESSES STRAIN CHANGES STRMN)

46 FORMAT(IX.13.IX.6(IPEI6.7))

END
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SUnPOU T IN E 0V QT1I K(K0 CO F X K
C SUUROUrINE TO TE.ST THE SYSTEM CLUCK AND FOHCE -- NERa'ION "a A
c RESTARTA9LE SAVE TAPE NhEN THE TIME ESTIMATE IS REACHED

C04MON /COMA/ KL3ýK-4KU5 L6 A9C*OE.I,01ý O -- ý-;-NU
a, 9,K KERRSW , KSLr , IRUNEST 9 E * EXP 9 5-
7 , GNU , sMrMoo ,M

C KOOPK = I TO TERMINAtE INHF RUN

2 2 TO LET THE RUN CONTINUE
LIM RUNEST*600.
N =0
TIMING Q'3UTINEDISABICC PFNDING INFORMATION ON WPAJ-d CLCCK ROUTINE
K,06PK = 2

IT 0
IF ( IT ,E Q .0 ) G o ro 1 0 ' ..... . ..

C END 0 F PATCP-

C IT = ICHRON(N)
KOOOF( = 2

I(•t.GY.690300) GO TC 1o.2
IF( IT*LT *LIM) GO TO 100

IO0O0FX = I
100 TI = IT

TIME - TI/600*

WPLITF (NOUTel) TIMEK

1 FOlMAT(20 H ELLAPSEO TI1E4 W EADS *FIt04,IbH t4INUTIES ON CYCLE ,151
END

OT'I Bubroutine OVRTM is a portion of
tho root segpent of the yprOam.

SUROU'T INE '?UTPUT( VALUE' I STEPI ,KIIJU -
C THIS SUBROUIINE SETS KLUI = 0 IF THE CUWIRENT CYCLE IS TO BE ,RINTE

VALUE = ABStVALUEI)

STEP n ABS(STEPI)
102 IF(VALUE--STEP)131t100,10t

t00 NTEST - tIVALUE/STEP)*•ie0000l
NTEST2 - (VALUE/3TEPl4,*99O
IF(,NTI•SI1-NTEST2tI311 30v 131

130 KLUI 0

GO 10 135

131 KLUI
135 RETURN

END
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40 t c. 1;3,o101i--o0ls -0 -0 -0. -0 -0 -0.
_ . .4 I._ k_- , . .1.93 ? n5F ••7__- . . . _- _-. • •. . .

tii 41) 1 0. !t4 ;ef1* ., -0 -,-, -0. -0 -0 -- 0.
-- ''•_.I , • 1 0. ~ q3.' n7 E"- 06b _-.r_-"0 T 0_ý._•. . 0...-.0 _r 0 ,_

47 0 -- '. t fW)k, 2c•i.•08 -c -0 -0. -0 -0 -0.
C., -.1) -('. 4 39-4.'1J 7t.• -q#. _-: O. ___ .. .. .. ... 7 -o .- 0. __.. ... .....

"-P I -A. l0•?'.?I9F--6 -0 -0 -0,. -0 -0 -0.
C.3 . I'1;JO'F-o -o_-n -0._ -39 F- 0_- _ _L.-_ ,

1 0.I -i.1dil! V4.13f-0c .-0 -0 -o. -0 -0 -04
0• I "'D -II,'t4 -0 -'1 -f. -0 -o -0.

fl;," Iie v.-0I 1" 'r-0 -0 -0 -0..
• ,i, I I-O/.I28a 1-01 -0 -1 -0. -- -0 -0.-1

60~ Q ,ltI=0R~e.. -.0.
.. I -o., 42743•?e.-0? -0 -0 -0. -0 -0 -- 0•.0 1 r 01 fi 4.1 -" ! i 1,e2AE-0ý ( = _ , _- O ý

61I A -0. t 72 705?c2(--c -0 -0 -0. -0 -- 0 -0.

62 1 O.EC?42 929.-- - -0-0. -0 -0.--
63 1 -0. 1230008OE-07 -0 -0 -O0 -0 -0 -0.

66 i Ioseeese5L-06 -o .-f -o. -o -o -o.
67_.I _-1%. 12t40AO2E-706_.0 - 0 0 -____-_-0-
67 1 -0. 16244160F-06 -G -O -0. -0 -0 -0.

72 1 0*.Ca45227E-0? -O -0 -n. -0 -0 -0.
-.. . .. ?.7 . t..-0 o. Z o ,,,,..:_ •.._ - , • . . . -_.= _-0,_

74 fl 0.21630AE-06 -0 -0 -0. -0 -0 -0.
_.... _% i_-O,:.O~Q177•2E-0_ --o -0 -o . .-0..- -0_-0~ -_

76 t 0.67?324.7E-06 -0 -0 -O. -0 -0 -04
.. ." ._-_ geg•~• -0_-'0 -0 ... _=.9_-. .___.___._

78 1 0.4082322QE-06 -c -0 -0. -a -0 -0.
7a....79 1.-•_.2 .• J•.0.._- 0 -0 -. 0 "0 -- 0.0

80 1 O.e4222392E-06 -0 -0 -06 -0 -0 -0.
81 i -G*.76Ofls36F-O7 -C -0 -O. -0.-0 -0.
8? 1 0,E•796O0"3.'.P--6 -- 0 --0 --0. --0 -- -- 0,
82 _ -. 1.25o'o6E-o6 -0 -0 -0 -0 - -0.
84 1 -0.fI?4?E11E-0 -0 -0 -0. -0 -0 -0.

a 5 . 122 " 7 - -(_-.
86 1 0.7O6127e7E-06 -0 -0 -0. -0 -0 -0.

.8?,. a.- 0.!5%e2'3*L-fl7 -C_-0_-0,,0 O 08..... 1T.. ,._. . 7l•e~l0•.-n6 -0 -o_ -o._o -o -o -.o.
08 1 C•,.5?1610E-06 -0 -0 -0. -0 -0 -00

90 1 0.c7924431E-06 -0 -0 -0. -0 -0 -0.

.. .l __. 334E-O -- 0-0-0, -0f -P .- 0.

92 U 0.MIbAQ23E-05 -C -0 -- o -0 -0
94 1_ .. 1091ieO05!5E--.0%. -c -0-0 -.

idT I.3 02 .1 94 RPOS x 96 COLUMNS FROM TAPE 9

XATRIiIX S tM.___ 96 R0% _1 U FR -Q _9

I I 0.220!l-361t-O0 -c -0 -00 -0 -0 -- *
... 2_ .i o.e .~• __ o-o-._o...- -0_ _-0_, O .

3 1 -0116,•V4404E-00 -0 -0 -0. -0 -0 -. 0.
41•_-. -. I e 2•. •._..-O -9__• -0_=._-0.•z. .. ... .... .

. I n.C2109%23E 00 -C -0 -- o -0 -0 -0.
6..... __.4O~23.550I.+E-_.0-0 -o_-_-o -. ,,,-.o._•-~-0._______ ____

7 1 -0.!251?t2E 00 -0 -0 -- 0. -0 -0 -a.
*....J.Jn._ O,-167?7$0t0_OI -_- -0_-0. -O0 -O_-0...

9 1 0.7O24e33SJE 00 -0 -0 -0. -0 -0 -0.

t 10o o..0.oPl O.-o -0 -0. --- -
i . e e.Je12ge-E 01 -0 -0 --0. -0 -0 -0o

12 -_ O.1 . 303573F 00)_-C -0 -0,, -0-0 -. 0.

13 I O.c;05104f4E 00 -0 -0 -0. -0 -0 -0.

14 _ 0.I41. .543q-E 01 -0 -0 -0. -0 -0 -0,

!• I O. l5t.?0'i-0 -C -0 -0. -0 -0 -0.

"17 I 0.10601959F O- -C -0 -0. -0 -0 -- 0.
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In- _-. 22557eMf- of -0 -n -0. -ro - 0
to I .3248bu060t 01 -0 -0 -0. -0 -0 -0.

20 1 0.FEA726e]CE 01 -C -0 -0. __ _ -() -O -0. ___

21 I 0.I~723~01-o-o-0. -0 -0 -0.
- 2- 0 .403541h556E-00 -0 -0 -00 -- 0 -0.

23 1 0.4".7-;!2 74E 01 I-- -0 -0. o o o
L.4 1 - C. ;0.- 174A0,i 01 -0. -n -0. __O- 0
Z% 1 -0. :2, 47#11tilt o -0 -0 -0. - 0 ( -0.

1e 0 .I 1 4 fle.17 0! -0 -0 -~1 (I -0 -0.
'? 1-o. I I~ve4 *'. (I I1 -I ') 0. -o 0 I -0

2.0 1 C.;vm5t3Uo3k-00 -0 -0 -0. -0 -0 -U.
n.0.~0 -1 .....-Q -n -n-n

at 1 -()*'!6C1O31E 00 -0 -0 -o. -0 -0 -0.
2 -- 0.ai..o T elu S E" -D1--Doa-o.-D.. _______ -=0&- -=1-

33 1 -0.2A949050E-00 - -C - -0. o -0 -0 -0
110 A - A r ~. ........

343 1 qo94bt6?26IF~ 01 -0 -V.. -0. 0 -0 -00

37 1 -f0w16J39~3-W 01 -0 -0 -09 -0 -0 -0.
-- 3 -I 38.... .fI-16Z2.2Sd6E-OL-D~.f.. -0-

39 1 o.739C9433&!-02 -0 -0 -0. -0 -0 -0.

41 1 0.t lI6440E 01 -0 -0 -00 -0 -0 -0.
-. o 2L-!0 * 74 3t SlE CL. O .- ,' .___

43 20.~t?8e4l6E 00 -0 -0 -0. -0 -0 -0.

AS5 1 -0.£C32679qL 00 -0 -0 -0. -0 -c6 -0.
* ~ 6..J. -~.LA?~ noO. - n 0..

47 1 0.e46e24*SE 01 -C -0 -0. -0 --0 -On,
-. ~. ~& -0-9-11022 3.3 0-mO0-0CtA_____ -0~- -0

49 1 00!909Ol1:E-01 .-0 -0 -0. -0 -0 -0.

51 -0. 100044899c-oo -0 -0 -00 -0 -0 -0.

53 1 0.!7992791F~ 01 -0 -0 -0. -o -0 -00

b5 I -Oof470)3017E 00 -0 -0 -0. -0 -0 -0.

57 3 -0. Ie3PL.002C 01 -0 -0 -0. -0 --o -00
-~~- -( SU-%2 0-

59 1 0.18133PCIF 01 -0 -0 -0. -0 -0 -0.

-~~~ ~ 60... -0.6S16ZQh.0f...0.--________
61 0-0*50941ý4?OE 00 -0 ,0 -0. -0 -0 -0.

62-- 0 2 2.0 8f ~3L.. 3 6El-DLO
63 1 -0o:.:230lI4I2E-Q0 -- C -0 -0. -.4) -0 -0,

65 1 0.f9791460C 01 -0 '-0 -O. -0 --e -0.

67 1 -fl.2224724.60~-00 -0 -0 -0. -.0 -0 -0.

69 1 -0.!S?3C77teE 00 -0 -0 -0. .-0 -0 -0.

71 1 0.!262@aO6E 01 -0 -0 -0. -0 -0 -0.

7:1 ' .oIO72t5bF-00 -0 -0 -0. -0 -0 -0.

75 1 0*4062042SE-02 -C --0 -0. -0 --O -0.

7? 1 Oe!13S~e3F 01 -'C -0 -0. -0 -0 -0.
0.J(iL0.t C6h -:76 clC- o ~. -0._0.

79 1 -O.itC25f!534E-00 -0 -0 -0. -0 -0 -0.
L0 0.-, 60-42L75l 1 -O-0-0 - - 0-0 __

81 1 -0.4236SIC4E-00 -0 .-0 -0. -2 -0 -0.
-82l-fL4.01# 1M4 'E- l _________p __q____9___!__

83 1 0*4'!)tl3C6E 01 -0 -0 -0. -0 -0 -0.

t-. 1 r,~0~8E -f -0 -.- 0_-0 -0.---.. ___

'0. I .IOICI'7I2E-0l -0 -_n0 -0 -0 -0.
A6 I '). 4ft30L?917 01 -0_-0 - 0. _-OL -0-.-0. __

m7? I -o.emf~ee7S6E-oi - u -0 -0. -0 -0 -0.
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DIEFLECTIONS AT GEOPETRIC NODES

NUOC DELTA X 0I4LTA V

2 -C.6811902F.-04 0.2709466E-04V -i .... .. - _.- +, - - -- 0-_ _ . -. S , n,•...
f++ * --0. 561 •;13SE:--O OoP,6OI2JOE-03

c -oaec9qc2•2-03 0*1965615E-02S.-- - . ..... tSAL1LD....... ._ .. 4 .S.-9 _ _.Dj.275' 1h2't •- nl?

S -0*77"0TS4E-03 0.350b04IE-02.. L!. . _ . __o.,0 .
16 -0.2075716E-03 0.460115E-02! .. .. ,,*..__O. Q.6 0 5P.- :

12 -0. 0.1205512E-03

14 -0.*IS??92E-03 0.3421Y10E-03

16 -0.02071401!-03 013s93606e-O,
* .. - - . L7Z0..0O.7JO4J.PA. -AL..%...__..D.J.96 17?A!.0

I1 .;7861N01-03 Oe25510SOE-02S......... .... .. L9 "0 ,+.1Pi QSh f..-O 0J._iO,3 lh.3• e'9.L• 0._.-.•

20 -- *o33141001--03 0.39749651-02

22 -0. 004639611E-02

74 -0*87176lIE-04 -0.
* ........... -- 2 5_.•0 -a Liq• ..c- ... +O1 •"_..

P6 -0.6409221I-01 0#5142463E-03

'1J -0.120?77ME-02 0.18400091-092

30 -0.9649034E-03 0,32+11716E-0O

32 -061470IS.-04 0,46895699-02

34 -0.4260564E-0- -n."" ---- --- 3 ±C." • al__._.__.___---.__.

16 -O.64111831-03 OMok4SoaIE-03

38 -0.1308330E-02 O.1839f142e-02

40 - 0*61 65931£-03 0, 3216 40941e-oxV'+ ....... . ..... .. _ _ ._ AA. aA.P. 9.• •; _- 1 j4_ 0 41~ ,•q~ • +.O . .
42 -0..4124G18W-03 0*3091060E-02

44 O. 1OJSS3f-03 0.428397S1-02

.=jl &941387E-02
46 Ole242•J3E-03 0.S3JO4l91-02

........ 4 ".-0. ...
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APPENDIX E CONTAC' PROBLEM - LOADED HOLE BOUNDARY COMPJTER PROGRAM

(A) Proramz Description

This is a brief description of th3 program for doing a nonlinear

contact problem of a symmetric single hole plate structure which is loaded

along its axis of symmetry. The program can accommodate varying amounts

of clearance or interference and up to twenty points In contact on the

semicircle as well as up to ten different load levels.

The program was originally written and debugged on the IBA 1130

machine and then converted co the IBM 7094 . It is fully operable on the

Grumman IBM 70 9 4 system and can.easily be expanded to handle more contact

points around the periphery of the fastener and plate hole.

A constraint on the program as it atands at present is that the

contact onints must be numbered consecutively from the contact point on

the center line at the bottom of the hole to the point on the center line

at the top of the hole courterclockwise.

The program consists of a main program and two subroutines, one for

reading aix] uLaa;king input, and the other for performing the calculations.

A matrix inversion routine "LIMTEAF" I s .ncluded to avoia depdrience on

a library routine.

(B) Sequencing and Details of the Data Cards ii
The symbols used in the program for various items of input data are

listed on page 205 and are shown on the sample key-punching 3heet page 209.

The data cards are used in the following sequence, i mn.diately

after the $DATA card required by IBSYS:

1. A load-fit card (FORMAT 23) containing a clue K, a load

QIN(l), a fit FITIN(l), and a 60 character title to be

printed for identification. The clue K is Ignored in thir

card. Up to 9 additional load-fit cards in the same
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format may be provided. They are used in a slightly

different manner. This title is ended by one completely

blank card.

2. The four data matrices are next. They must be in proper

sequence, as shown below. Each has a header card (FORMkT 1),

one or mom data cards (FPORWT 2) and a blank card to

end it. If one of the matrices is null, it must be

represented by a blank title card and a blank card to

repreeent the end card. Required sequence is as folloes:

a) Matrix A - influence coefficient for unit radial

loads, maximum size 20 x 20

b) Matrix DL - radial displacements around hole for

transfer loads, maximum size 20 x 10. Note that

sequence of loads (columns) .zt correspond to

sequence of load-fit cards already read in.

c) Matrix THETA - angles to defined points around

hole, maximum size 20 x 1

d) Matrix DELB - radial displanements around hole due

to bypass loads, maximum size 20 x 1. This

matrix may be null as previously indicated. All

othiers ... i.. be provi• to ..... e maazCJ-4A rEsults.

(C) Symbols and Format of the Data Cards

(1) Load-fit cards - FORMAT 23

Cola. Field Symbol

Ii K A clue, ignored in the first card. In

the other cards., any digit except 0

Indicates a new fit is provided (a

blanK uit means 0 clearances) If K =

0, the previous fit is re-used.

2-10 E9.4 Q or This is the load to be applied with the

corresponding colulmn of matrix DL. A

value must be provided. If none is

provided, this is treated as a blank

card (end of load table).
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Cols. Field Symbol

11-20 ElO.4 AKFIT or This is the fit of the pin in the hole.

FITIN A rositive value indicates an interference

fit. A negative value ineicates lack of

fit (sloppy fit). Zero indicates exact or

sliding fit. Fit is always accepted from

the first load-fit card. It is ignored on

the other cards unless Column 1 is punched

to show that a new value of fit is provided.

This new value is then used until a super-

ceding value Is provided.

21-80 3OA2 TITLE A title or caption that is printed to

identify the run. In addition, the last

8 columns are used to identify the punched

output from this run.

The title is used from the first card only.

(2) Data Matrices Header Card FORMAT 1

Cole. Field Symbol

1-4 14 N-R0WS Tne number of rows in this matrix. The

number of rows in matrix A sets the size

of the problem.

5-8 14 ICOL The number of columns in this matrix. The

numbe, of columns in matrix DL must agree

with the number of load-fit cards read in.

9-80 Ignored

(3) Data Matrices - Data Cards FORMAT 2 I
Cols. Field Symbol

1-4 14 MR.(1) Row index for the first element in this

card. If this field is blank or zero, the

card is considered bland (end of matrix)
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Cols. Field Symbol

5-8 14 MC(1) Column index for the first element in

this card.

9-23 E15.T EL(l) The first matrix element in this card.

24 IX Ignored

25-28 14 MR(2) Row index for the second element in this

card. If this field is blank or zero,

the element is ignored and the program

looks at MR(3)

29-32 14 1C(2) Column index for the second element

in this card.

33-47 EI5.7 EL(2) Tue second matrix element in this card.

48 iX Ignored

49-52 14 MR(3) Row index for the third element in this

card. If this field is blank or zero,

the element is ignored asd the program

reads the next card.

53-56 I4 MC(3) Column index for the third element in

this card.

57-71 E15.7 EL(3) The third matrix element in this card.

72 ix Ignored

T-73-80 2 IgnorJ or, input. roi l UT.ui oUtLOUL,

this takes 8 columns of identification

from the title card.

The last card of a matrix should be completely blank (tested in Cols.

1-4 as an integer field). Note that the program does no checking on the

validity of elements, their indices or their sequencing, other than
checking the row index for a zero or blank as described above (negative row

index is considered zero). Specifically, no checking is done for duplicate

indices, column index of zero, elements out of sequence, element indices out-

side of the array or elements in row or column sort. Valid in-nut is %he re-

sponsibility of the user. The ability to read matrices in row or column scr-ý,

and one to three elements per card is convenient, but requires careful data

preparation.
20T



(D) P•nched Output

Upon finding the points in contact for each appl ied load, the program

calculates and prints out P (the center-line contact force), and then the

X and Y components of the force at each point. It then punches out cards

containing these values in FORMAT 2 for input as applied loads to further

analysis programs. These cards carry identification in Columns 73-80 from

the input title, Columns 73-80.

The punchout is described as follows. The row number corresponds to

the load case (columns of matrix DL). Column 1 is the center-line contact

force. Columns 2 and 3 are the X and Y components at Point 1, columns 4

and 5 are the X and Y components at point 2, etc. Thus tne punched-out

load matrix is N rows by M columns, where N is the input number of load

cases and M is 2 times the number of points around the semicircle, plus 1.
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APPENDIX F CONTACT PROBLEM2 - LOADED HOLE BOUNDARY PROGRAM FLOW CHARTS

MAIN PROGRAM

Entry

Set Clues
for J

System Tapeo

L
Call Input

Routine

EINP

Problem Size
Consistent Ini NO

,ata - Load Count
vs. La
Caes233

Yes Write Error
Message

236 4
Call

Ca.lculation
Routine

Call E1it
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INPJT - SUBROUTINE HEINP

Entry 94 t

Read Matrix

Clear Arrays T Stack

Sorein 
Array DL

Read Title Card in Table
Initial LoadInitiald Fit Read Header for

Initil FitMatrix Theta -
Angles to Defined
Points Around Hole

YessN Write Label
Print Title Clue KF Blank

93. Read Matrix Sext

Read Nxt 95and 3tore
load and Fit Th•eta Co1.1 -Angle

Fit - Theta ýCol.2 -Stn
Previous Theta Col.3 =CosFit

Loar Matrix DZ Radial

Sew F Displ. Due to

|es iBypass 
Loads.

o o. Io I !

4--] 1 F- Re ad Matrix
.. .Bead Marix Text, Store

(I• ) Text. Stack I in Array DELT.
in Array A I

Read Header for Write Heading 1
Matrix A - Infl Read Header for for Matrix A
Coefi'. f'or Unit Matrix DL - Radial

Radial Loads DispI. Around Hole
for Transfer loads

I JIWrite Out yatrix

Size = Rows No. of Load Cases Aor byeckin

In Matrix A. = Columns of -L

Write Label Write Label Re~urn
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C~lCULTIO -SUBFR0UTIN-L 1HRUN

Invert theCond ensed

Start Overall 1 Array (U'ing
Loop on Load S L INA)

CaLe(O 850- and Scale ta-.ý'

Set, Clues Set Calculat.J A 1
Wad and Fit Trial Loa6 VcctorFrcm Tables.-
Tnitial Trial Size _~- ,kr

-Full Problem|

Tension Loads Count Negative

Writ.e Headings I Are N!&t Values ingt

for I Possible Acroso and Stack in

Displacerrents the Contact Cleared VI,ctor (FC)
I Surface _

Calclate I e__ctr 36

DEIA RadiSl Displ L JI Calculate Ra7ial
Due to Initial Displaccments

Fi t DELTAI=
-4 ( VA}*[A] [PC}

ulate
V-ct.or VA "I ITotal Displ. ', Points in I Search LA

Vector. Print I Contact have Zero ..I and Zero out

310 Relative V all desiis_ Displacement L ValuesStart Loop .. .

for Iterations _Z Z
Transfer (U) LTA'i

I Values, into

Print Count of Va[DELu}. ind

Iteration, Clie 1.&xifl'um
Vector for Trial Negative Value
Solution, and Size j

Set Test Lmit

Condense and = 1/20 of Max
Scal? Matrix A Negative VaiL.
into Array DE in [DFLTAJ
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F,,

I i

59

Valuo
_ DFLTA is

Ik than test '1

G ea eter

53C

Zero out Vatching
Location ir. DELTB

SI I
"~~~K N-r &• PC,

S,'
Count Zero Values-

'yq.. I I 5I L _ ,-

CONTINJE A I

Write out TrialI ,544

Vector- PR,PC, I CONTIN-UE
D E L T A D E L T B 3 C O

S I i

-.JI

ri f - - -
NTa1 - Number of Points In N

o ( Ccontact, Based on .eflec--

tAve) Loa6s In tion and Includin•i those rlln. Irevics
SThLe Tan 1/20 of Maximum Cycle

J L -Positive Defl2ectln3 I
I! 213
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I
-T'ransfer Row Indices to M~ Set Clues
for Next Cycle1. NFIV - 1
Transfer Previous 3 Cycle j NTFC -.

Counts for Os8illation W- 0

Check. I -

Increment Loop Couinter

if [A) VA, •

: PCal t "Solution"
191CTi u].te. X mid

98YLoad Components

- Equal to Index Total of Y iomp.

inal sum of Y compon.

rSolutCor 
Clue Yes

L_ Y Components

P int A (1L... , FlexibNlLtyo C

Punch oo, X and{ComponentsP° in Matrix

[ a• Print ..... Stiffness t Format Cards. Row-:--
an Pr n - .j No. is L oad C asel

Cal.calate 80 850

- - - - - - - - - - -- Load Cases.SPiDo Next Load Case
or Return to Main

SProgram
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APPEDIX 0 FORTRAN LISTIG OP ELASTIC COaT PROBI4 PROGRAM

P.'44j*,' NI'4JNOU(U'4p,NUTL')C.NTLLDCAStNORO'*.Q.FIT
A(;.4 2J) JDL A(V 1r0)) E L A(Utd#ELk3(2 CIDE(20 o2C)o

! .( .) ,VA ( 20) K'-(20 ). .KCP (20) .

. ,.C(3) tEL(3),LVA(20 ) LVM(2 2)
,. C(2C ) OFELTA( 2' ) ip THETA (20 o3) ,T ITLE( 30

C,ýWv, .I' QIN(I0| 9FXTIN(I0)

4 ' 1 4%4 = b

",Ourr. 7
'iJUT = 2A

CALL. HH'INP
IF (L3CtNT-LDC-AS) 23J,2369233

233. WkITr.• (NO3UT933) "*,
*.',LL LXIT 0

CALL IIHM.UN X*

.,i T )3 4c
3 Fr,,&T (U3H INPUT EtR',--LCiAD CASES)

3U:.-4 ': tiT INE. H1ll NP
C,)14ON IN'No.NUTPoNOUT.LDCNTr LI)CAS9NO, DR9 Q*FIT

P," A(2). c2:2!.)tL(2e;,Kli)P*DELA(2('2)0OD LB(20)°DE(2092t)

))L V'4 ()2Vý( ) K1(2a;) tK PC( 0) °
. ,.(•) ,,t•(3) ,CL(3)#LVA(2(')oLV.13(2ft)

S1.. :)L A( *THETA(P.C 3)9T ITLr( 311

"Lo. (I) , ( )N
,, t. ( I ) = *C'"

'U; ( I) = o2

: r I ) ."

Tri-. T- I ) - z

... '(I ) -

L (I J ) .*'

*' . r = l ,3

-, 1 .):; *2 :,,*TiT(I j~).(*: ,J) = ,.1,

)) .,..L(I[.J) = ,e,

C-. ., -P'E1 ,2FI NJ&I" (,L l lT)

'.1N4 24'. 3) Ke 0 !AJ( 1I ,FI I IN M1)I (T ITLE.A T),1 1 930)
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wl I TEt (NOVUT932) (T ITL.I:( 1) 9 I.=--1,3o)

93 REAL) (NIN,23) K,OAKFIT
IF(Q) '94997,94

94 1 = I + I
0IN(I) = 0
IF(K) 95,995,96

95 FITI4(1) = FITIN(1-1-
GO T3 93

96 FITIN(I) = AKFIT
GO Tj 43

97 CONTINU-
LL)CIJT = I

C RLALV IN M4ATRIX (A)
R•.AJ (NINsI) NROWSNCOLS

C PFO-.LF.M SIZE IS SET BY THE NUMEkEN OF ,OWS IN INPUT %4ATRIX (A)
NQRDk = NROWS
W4ITC (NOUT,6) NPOt*SNCnL5R
WPITE (NOUT97)

"1)',b READ (NIN*2) (MP(CI),MC(I).EL(I).I=I,3)
IF(,MR(1) 13,091309110

110 DU~ 120 1=193
IF;(M ( I )) IP.O 12n 191I5

115 NFOW = MR(!)
NCOL MC( I)
A(N;jWNNZOL) = EL(M)

120 CCNTINNUE",VQIT{: (NOUT,13) (MR(I)9,'4 (I)9EL(I)*,1=I93) €, ,¢,

130 CijNT INU:.
WPM-T (N3UT,5)

c PCAL) IN rArRIx (DL)
REA[) (NIN.1) NRUPSOSNCOL"
wl•ilT- (14'JUT96) NROIASNCOLS3

WF-ITE (,4OUT, d)

LD.CAS = NCOLS
140 Rh.AD (NIN,2) (MH(I)*MC(I),FL(1).I=I,31

IF(M?(1)) ldO1PC..150
15,"1 00 170. l=i o3

it (M0(II) 17.1, 170,16)
Ito0 NIO* = 4R(I)

NCUt. = 4C(I)
-j)LfN4001NCOL) = t-L(I).

179) CUNTI1tU4.:
Wi- IT_ (N3UT o13) ( '4q( 1 9I C( I)1 9EL( 1) 1 =1,3)

I ,(. 1'N 1:4J '

1l•" I[,• I L ('J0 T "

C '/-.) IN MiATRIX (THETA)
'4tAD (NIN.1) NROWS.NCGL'
4,7,IT-.' (N3UT,6) NkCS*-,4C2L1
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190 REAO (NINe2) (M4R(t)9MC(1),EL(I)91-l,3)
IF(MR(1)) 230,23(09200 ..

200 00 220 1'1.3

IF (M ( I) )220 ,920,1
210 NROe * MR(I)

d1ETA(NOW,1) EL(Mj ..

ANGLr:, : oL)174533*EL(1)
rHETA(NrAOW,2) = S1N(ANGLr')
rHETA(NkUWo3) COS(ANGL-)

220 CONTINUE
WRITtE (NOUTI,.) (MR(I)vMC(I)*EL(I)@lm.-3)
GO TO 190 140'... .. . .... .

230 CONTINUE
WRITt (NOUT,5)

C R•EAD IN MATRIX (DELS)
READ (NINl) NROWSNCbLS
WRITE (NOUT.6) NROWSsNC3L3 -

WPITT (NOUT91) ......

240 READ (NINe2) (MR(I)tMC(i)9EL(I)*Im1.3)
IF(M4R(1)) 2J0o280e25V

25' DO 270 I = 1.3
IF(M(1)) 270927(,.260

260 N4Oe a MR( )
. .L'(NRdW) v EL(M) ... .........

270 CUNTINUE
WRITE (N3UT913) (MR(") oC'(1)'oEL(1).I 1135"
GO T3 240

280 CUNTINUJE
WRITE (NOUTPS)
WRITE (NOUT,5)

C FOUR INPUT MATRICES ARE NOW IN CORE
,PIT1 (NOUT,7)

00 290 I 1 sNODOR
WRITE (N;UTg16) (A(I.J)oJntloNORDR)

290 CON'l NU:
WRITF (NOUTo5)
NI.TURN

I FORMAT(2i4l
2 FOPMAT(3(214.E13•7 91X) t4A2)
5 FORM'AT(IH /IH )
6 I-ORIAT(13H INPUT %ATRIXo6X.I4H.H X915)
7 FOA&T(HIN.13X.NHA)
83 FOP4AT(t1H÷13Xo2I'DL)
9 FULPMAT(1H+,13X.5HTHETA)
10 FoR'4AT(INH413X@4HDEL8)
13 FJkRM-T(CX3(214o1XK:16" 67))
16 FCORM4AT(/1 X t7E 15o 712X9 TE15o?/3K 7F. 15s7)
23 FUjAIAT(Il*E9*49EI094 SOA21
32 F(RMATT(C1q14X930A2)

END 
218



SUBR)OUT!NE A*H4fUN

f)I'4:NSIUN D0iLTH(20,*3LVt3(20)
DIMENSION LOC(20b) SCALE(20)
CO4MMO1N NI N, LOUTPNOUI*L)CNT ,LDCAS .NCJROR.0 ,FIT
CO%1w3•'N A (20,2fl) e DL-(2,O, iJ,~" .OL( 2--SLI(26-)g6•E ( 20.20 ).

I Pqf'UC-) VA(20),KE(20),KEP(20).
2 ?t4(3),rAC(3) of.L(3),LVA(20)O LVO(20)

0 )F4M N PC(20),.DEL A(20)9THETA(f2,3),TITLE(30)

COMMON GIN(1O0 9FIITIN(10)-
C rHIS I THE STARY OF THE UVERALL LOOP ON LOAD CASES

t)O 850 LOOP = eL.DOCAS .
KNT = NOROR

C KNTH IS THE CLUE OF SIZE FRCM THE SE'CdNb XT1CATION BACK
C 'NTC IS THE CLUE OF ;ZE FROM THE THIRD ITERATION BACK
ir. JT-I 0SECJ TU CHECK FOR .SCILLATItONS tN THE( SOLOTrDN

Kh r6 = 25
KN'C = 30
NF INL = I

FIT = FIT!N(LOOPA
1 = JIN (LOOP)

aflIT. (N3UTa24) (TITLE(I)ML=1,3f).Gh

tF(F IT)10i .103.102

101 WRITE (NOUT925) FIT
GO TO 104

102 mr(tT- (NOUT.26) FIT
GO 10 104

1I'3 aRITF (NOUTo27)
1^4 CONTINUC

C CALCULATE MATPIX (DELA)

t)L0 Z4U I i|NORLIR
L)ULA(Z) =FT - FI.T*TIHF.TA(Iv3)

24') CONNIINU!
C FO;RM (JL)X(L) + (DELTA A) + rELB

D)O 3f(1 I~l NORDP
3')3 V(I) = )FLA(I) * DCL:(I) - I)L(ILOOP)

*Pl1E (NOUT,28) LOUP
DO -Iil 1=1,NO0PD
w;r, lrt (NOUT91r) 1;DO•LA(1) ODFL[J(I)9DL(IoLOOP)#VA(I:)

3 f' ' KV-.(lI) = I
wR' ITE (PJL3UT,5)

C rH I bS 1'HTE STAR T OJF THE MA I N LOOP
KL 001) : I

31.) CJT I NUV

C KNT I1 THEl NUMBtR OF NCGATIVE VALUES IN PRECEDING (PR)

C Ar,•AY (r.E) INDICATES THE ROWS" AND COLUMNS OF (A) TO BE COMPACTED
,vr, lt(" (NOUTo|5) KLFIOPP)(Kb (1) 91"9.0) •KNT

C CI.N)r.hSt: (A) kiJW ,Y QL00
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"14 KE(I)
JO)t 3,.) J= ,%JOPDR

.)(<,Jý = A(NtJ)*l0E÷07
-i . CNT! I , tp+

K = K 1 I

32k' CONI1INUE

C iWw ZCON.LNS. (A) COLUMN nY COLUMN
K 1

)O 34'0 T=1 ,KNT
14 = KE( (13

00 335 J=19KgT
9L (J,9 ,•)=') ( j. , )

335) CJNTI 'JUE

K = K + 1
34M i:,J',TI NUF

C NCW INVI.'.T THE CONDENSED ARRAY 114 (DE)

CA.LL L:N-Ak (DFO.EtK T9C9,09L3C9SCALEo20)

C INV_,(L.f IS IN APRAY (WE)

0( 34'3 I = 1 IKNT

IF (LJCM(1)) 345 ,350, 345

34i CONTINUF
i;0} TA) ibO

3b wI-lTt. (NOUT,11) I

Gf, To 8 .1 )

3(" : 'JAT INUL
00 3o l I = I •KNT

of, .;tr J = i 9KNT

3t? )L(I,J) = ',) (IJi*loOE ,'7

*)Q 368 l = 1 9NORDR

303 Ok(I) = ,10*1
jo rt. I =1 .KNT

:.-';,( l ) = 0

00L Z-7' J = I K..JT
3 7") 'Or, ( ) I -- PP-(l) -- nE(1vJ)*VA(J)

C .ITP. P 1 THE COUNT 'iF NCGATIVL VALUES IN P

C ?JTz.) Is r1tF COUNT OJF PIOSI TIV. OQ ZERI, VALUES IN DELTA*

C ,,ITH VALULS SMALLW'. THAN ONE-TENTH THE LARGEST NEGATIVE

CV l_-U ALSO SET TC ZEFPO

N&'V) = "

C 1" 3T (OP) 'J4 1J"'.-iATIVF VALUE7

c ";TA!.T ':;Tt;j I'

-, I1 -" (.4 ]tJT. ,) L -(12
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1)1'0 1 NORUf4
~')3 1C (1I) = y

K = ,

L), J IO 1,KNT
I- (PJ (!)) 3Z W, 0,3ot:

J15 NPC K CJ I)

NTPC -: NTPC + 1

380 CONTI NUaE

KA = j)

C STAK'r OSTIP 20
t)O 514 I = 19NORDP

OCLTA(I) = VA(I)

')Ml 5'1 5 J = I *NUiD4

D3-.LTA(I) = OELTA(I) 4 A(IJ) * PC(J)

515 CONI I NUF
514 CONTI NU;

Oll 52) 1 = 19NORDR
IF (Dt. LTA( 1)) 518•517•517

517 DLLTA( I )=f".O
"4PD = NPD 4 1

e13 COJNTINUE

521 C NT I 14 U.-
C STAiNT $STEP 38

DO 527 1 = i oNOROR

.)-7LTt.I ) = DELTA(Y)

1F(L0-Lk4X-DE.LTA(c)) 527,!27,520,

576O WLNIX = DELTA( 1)
527 C0NrOr I N -

I)LLv.X = IeOS*DLL4X

Xj 5.• 3 I = 1. NCRDR
IF (Df.LTA( I) ) 529 t l* =. 31 751

52-) It-(1>::LMX-D-'-LTA( 1)1 53f.- '-3;ý v 32'

53-1 JtLlth(i) 1 0.(
5.i ,JTZL) = rTZD + I
532 :ONT INoF:

4P ITI. (NUUT 9 18) 1 KC( i ,PF-(1) IPC( I t•Or-LTA( I) sDELTd( I I
533 C JN T 1I 4'JF.

c ,E7TF-'MlNC SIZE FCW NEAT IThraTION

IF (.4TPC ) ',i4!. '.42 .9539
5V)}( C.AJNTI N'Ut

It- ( "•1I',):--KNT ) 94 t)*" 4'°.)e 14

j4 I Cotj T I TrNUU

i4-1 rPf 1Tf
;Lý T ) 5;44

5 4,' 1ý - '4TZ-)
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[; 644 CONTINUE

IF(NPO-,NTPC) 545 *5459546

"NPD --. ,

545 CONTINUE

00 550 Iis9KA

•KgP( I )- ....

550f CONTINUE

"w ilITE (NOUT951
552 K *KA

lot4 C5rINU•
C IF UPO:R IS REDUCED TO ONE* THIS IS THE END

I F XK-'I)V480,3915 3 q .
395 KEL a KEP(K)

IF(NF!NL) 3g973470396
396 NFINL a 0

GO TO 464

397 CONTINUE
"RA =m A (KELY"KEL)

E4ITE (NOUT"17)
WRITE (NO'UT*16) PtA
WRITE (NOUT95)
RAV = I*/RA.

WRITE (NOUT. 17)

.wRITe (WOUT|19).
WRITE (NOUT916) RAV

-...... WRITF (NOUT.5- -"5) .. .......
RPR =-RAV * VA(KEL):
WRITE INOUT93) KEoIPPR

NFINL a 1

NTPC n I
NPD=O S..... . ..NT'+ZO x - 0.. .
IF(RPR) 3989400.400

398 RC(KEL) = RPR
GO TO 381

.)34'9 CONTINUF.-
c COMPARE WITH PRECEDING CYCLE

560 CUN'INUE
UO 565 1 Ia NOROR

IF(KE(I)-KEP(i)) 58095b5.%80

.565 CONTINUEGO TO 4(-0

580 CONTINUE

IF(K-KNTB) 585..40•.5.85
585 IF(K-KNTC) t90.4609590

590 CONTINUE
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uO J385 I' i'-i ,NORDR
365 KL(M) = KEPI()

... .- K KNT-
KNTB KNT
KNT =K

C GO HACK FOR ANOTHER ITERATION
. . . . KL OO P = k - T I -.... .-.. .- ......... ............. ...... .

GO TO 310 -

WR ITE (NOUT,4) LOOP

--C. ST-OR-P FP()*SIN(THETA( I)) IN E(fI ( = PIX)
C STORE P(IA*COS(THETA(I)) IN DE(I.2) C PIYI

Do 410 1 = 19NORDR

DE(192) PC(I*•THETA(Iv3)

411 CONTINUE
PZEFr,, =-O - PSum

wRITE (NOUT929) PZERO
- ~WR ltE (NOUt, 30.

DO 420 1 = I*NOROR

it421 CONTINUE

WPITE (NOUT95)

C wRITE PUNCH OUTPUT FOR COMAP
MQ(I) = LOOP.

I2) = LOOP

4 0(3) LOOP
NELCT I
MC(1) = 1

C(2) = 2

MC (3) 3
EL(M) PZERO
LL(2) = DE(1, ) ...
ý'•L (3) = D•(192I
WNF I T-7 (NbUTP.2) (MR(J) ,MC(J) )'E"( Jfo- j''i -e'-;3-T "I•-L•••;1•2/'3 ..

DO 440 IA = 29NORaDR
DO 8440 13 = 1,2
EL(NELCTI = OL(IAeLS)
MC(NZLCT) = 2*IA + I - 1
%4LL*-"r = NELCT + I
IVý(Nl-t.CT-3) 44094409430

431) NFLCT = 1
ill|TFV (14OUTP)2) (MR(J)94C(J),CL(J)*J=193)*(TITLE(|))|=27930)

S~223



DO3 4i) 1 =1. 3

,v1C(1) = 0

~T(1) 0
4 3 1; CCN'T I N UIk-
44.) CUNT I NUt-

C PONCH THiE LAST CARD* IF ANY
IF(NLCT-l) 4Z55455,45,)

45• Wl,'T;.-. (NUUTP92) (MR(J) '4C(J),9EL( J)9 J=Io93 Yo TILP-:( 11, fr=,47t30)

4!) .i r-t IN ! IN UE

';L, TO 134 0

4b60 xIT- (INLIUT21) LO3P
'Ii) 11 tB( 0

4AC flre I l (Nf)IJT #20)

81 ' C t4T I Uc

e 5 V C i.NNT I NUF
ht TURN

S2 F-r MAT i ( 2 I1 ,k 13e 7I *1 X), 4A 2)
t . I I ' X 13 xZ3,2 XF 15 o 7)
SF LIv A T (4H SOL • 146 /1 HO
5 FuMMAT(IH /IH )

I " F ",'<,AT(I X, 13 9E1be7 3E 18o.

11 F.',4.'AT( '.3H)MATR IX SINGULA. AT ROW,131
12 FO•'AMT(17H VIECTOR OL 4 DELA)
14 F ).ThAT(I-iH0LOAD CASE:*3.1X9814TRIAL PR94XsI4HVECTQR PI (PC),

1IIX*7-iDELTA to1IX97I"OLLTA 2)
tlj F.f)RAAT(34H0PCSoOP ZERO DLLTAoO. NEG*P( CYCLE913*2H )92113)
1,•, F,•'-'4y4T (/IX o7EI 597/2 XsTE 5o7/3X9TE 15o7)I1 t-" -IR,.AT(17IltMATRIX A -DUCLD)
I ýj rr);,AA.&T ( I X 92 14 v4F I So?)

2. ri)&-AATr(7M 144 NIFG)
-21 ,'.' T( ' ')rA CASZ:*I4,11H ()-,CILLATES/)

24 r:iR:A&T(ltlll.4X30"A2///7H LJAD =,E16*77H PI]UNDS///)

2. ,>.'P'T(Ž2H INITIAL LAdS.K }1 FIT =.E1607,7H INCHES//)
2 t> FI-',l*,1•4H(- INTERI-ERFnNCE. FIT =,E16.7,7H INCHES)
27 MA. T.( 12H SLIDING Fi r)

?,• r w..,•T(7"•HOw CALCULATEL) OELA INPUT DELR LOAD VECTOF
TLl'AL VFCTDN/45X.6,iI)L (r..1?22H) DELA 4 OELH 4+ DL)

),1 . '..T(",i P ZL4rO =,L16*7//)

" 3 ,' ('-,-1 AI DL ', 1" o 3HP I IX 1 4X 3HPIY)



SU•"ROUTINE LINEAR (AaiMO@NU,9DvLOC.SCALE94AT)

I OIENSIUN A(MAT,1) B(MAT1)oLLUC(1).SCALE(l)
r)IMEN$IU(JN SUM(i)

DOUBLE PkECISION SUM

.14 MO0
N = NO
INC = 0

IF (N) 10930930

10 IiF (N' + 199) 20,230"230
2a INC = I
30 INC- INC + I

i DO bO I = l M

x = 0.0
043 50 J = 1,4

If- (X - A13S(A(JI))) 40.50950l

410 X a AcjS(Aj(J.I))

50 CONT'I'NUL
X = POWER(X)
SCAL(l) X

i DO oO J 1 I M

06 J A(J / X

DO 21to I = I.M
11=1-I

NCXTI = I + 1
U;4(1) = -A(ll)

CALL L),T (119A(I ,1) .&4ATA(1 .1) .1 *SUM)

X = AbS( SUM)
Y = -SNtiL(SUM)

K=

IF (I - M4) 7C*.11C110
I' rW) DOu', J = NLXTI9M

'SUM(l) = -A(J*I)
CA'LL D00T (i A(J*t)*MATA(.1 * I)*SUM)

IF (K - A.1S(SUM) ) 80.90e9n

-30 A(Ki) = Y
K J
X = AB3S(SUM)
Y = -SNGL(;iUM)

90) %(JoI) = -SNGL(SUM)
1.1e) CONTI NUE
110 LOG(I) = K

IF (2560* X- ABS(A(KI))) 120•,12(915o

I P10 IF (1677716•0•* X - AC]S(A(KI))) 130 9130,14(

130) LC(I ) = (
GO T.) 4t%~)

.14.a LLUC(I) = -LOC(I)
1.50 A(K,!) = Y
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IF (i.- K) 160,•B",130

160 00J 1 10 J = o•
It = A• I Z J)
A(I*J) A(Ko-)

170 A(K.J .

3 -U

I - IF (1i - M) 1900216,2 10

190 0)0 2C- U J = NEXTIM
A(J,]) A(Jo) / Y
SUM4(l) -A(IsJ)

CALL DOT ( 11A(I ,1) MAT9A(1,Jlo-loSUM)

200 A(1.J) = -SNGL(SU4)
S 2 1 0o ) = - v *0 ) . . ... . . . . ..

-O 220 1 = IqM

00 220 J = lei
220 A(JoI) A(JvI) * SCALE(I)

GU 13 (230,460),INC

230 LIM= IAIBS(N)
IF (L1M0 •40o2&0.f4O0.

240 INC = 0
DO 2rO I = 1M
K= IABS(LUC(I))

IP (I -"'K) ZSCo270o130.
250 Do 260 J = 19LIM

S19J) = H(KoJ)

260 H(KoJ) = X
270 CO1NTI NVL
280 L) C 3"(0 l:E = I MH"

SCAL--.(I) = -A(II9)
A(It'i ) = 1.O -

00 29u J = ltM

290 A(IJ) Z A(I.J) / SCALE(1)
0O 3"30 j = 11

3C0 A(l•J) = -A(I9J)
OV 230 I = 29M

INK = 1
IF (LIM) 130,330,310

311) 00 320 J m 1LIM
INK x INK + INC

SUM = B(IJ)
LI.M = I - INK
CALL DOT (LIMsA(1,INK) MATrR(INK9J)vI9SUM)

320 [F(1.J) = SOACL(SUM)
230 LIM: LIM 4 INC

I =
oU 41C# M1I = tOM
IF (LIM) 340.3609340

343 1)3 350 K = 1#LKM

SJAmI)-)= OoD0
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"C Ai L '7 FT I WY I "AllT'ITMAIr BWI[ KI-T, 1 T.....
350 B(IK) = SNGL(SUMI
360 IF (4) 410,370.410
370 LTM LIM - INC

MI M- I

00 4(0 K a 1.M
SO?.i(I)= 0.00
II (K - 1) 380,380,390

380 5UM = A(1I#)
390) CALL DOT (MI,ACI ,I*),,MAT,8(I+1K,K91,SUM)
400 SCALE(K) =NGL(SUM)

X) 40(5 K 1 9 M
405 B(IK) SCALE(K)

410 1 " I - I
IF (4) 460,42004oi0.

420 I = M
DO 450 Il -1, . ..
Ka IASS(LOC(I))
II. (I -"K) 43094509130

43U DO 440 J x lM
X = A(JI:)
A(JI) = A(JoK)

440 A(JK) X
4bO 1 - I - I
460 E TUrN

FND

SUBROUTINE DOT(Li.iX'EYoIY;SUo )
DOuSLEj PRECISION SUM
"RFAL XlIX,I),Y()".
IF (L) 100,120,100

Ino Do 110 J 1 WL
110 SUM a SUM + X(IJ)*Y(J)
120 RPETUR N

LND
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AJPENDIX I CONTACT PROBLEM 2Irf MATRICES

In Chapter 3 the method used to solve the contact problem was briefly

described. This Appendix gives the details for setting up the matrices

needed as input for the analjsis. SThe present study uses the Grumman

[r.trix structural analysis program called COMAP-ASTP•kL but any elastic analysis

computer program that has similar planar finite elements as those

described in Section 2.3.1 could ' used.

The first matrix to be gr -. ed is the matrix of infJluence coeffi-

cients, [A] which gives the rad1L..L displacements around the hole for u-nit

redundants {P) following the notation shown in the figure below.

P n P1

•"• Plate _-

Pigid Pin P2

PO P

The relation of IIP} to the radial displacements in the plate, r6ri

is of the form:

{P) = [A3 [6r} (3.1)

where,

{P1

2n

2L'5



We can rewrite Eq. I .1 by eliminating one of the redundants from

the statically determinate equilibrium condition which Is:

Po = [-cose - cosO ...Go -cOs ] f'[ (!.2)

P

where, 2Pj =

QJ
Thus the new redundants are related to the old by the expression below:

PO-co -cose2 .IP11 20~

n-
Pn 00

S[Lc (Pi , where [ol is a transformation mutrIx.

Once the order of the redundants in the compatibility equation (Eq. 10)
are changed the radial displacements =st be reord,',red. Let tarI be the

relative radial displacements between the fastener and the plate. The relation

between (Ar) and {6r) becomes:

ros rArl -c s 1 ! •06 O

At cos82 0' I • . 0 6-CosJ (.)

06

= [•] {6r, where [0] is a transformation matrix.
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Note that the relative radial displacement ArO = 0 so that ArQ or any point

on the x -d fastener has zero relative displacement to point 0.

The expression for relative radial displacements due to the action of

of the redurdant [P') therefore becomes:

(At r (5] [A] [a] (P'j(15
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ýPPENDMIX J NONLIV"EA•A AALYSIS 0F> A SINGLE FASTENER - TlFBEE-DJXd2-NSIOLfI,

EFFECTS

Starting with a load deflection curve (Figure J-1) for a sirgle

rigid fastener, (Figure J-2 ) &s determined by finite-element methodr,

described earlier in. Chapter 2 for which the detailed sheet stresses

are known ( e.g. Figure J- 3  ) for each load level, a "secant spring

modulus"k is available. if one Isolates the fastener and re;p!.eces

tl- surrrundiqg plate mnfteriel sheets by a continuous series of non-

linear transverse springs, the problem, becomes qjite tractable. It is

emphasized here that the engineering assumption made is essentially

the sane as is made in "bea:-. on elastic foundation" theory, i.e., the

shear effects through the sheet thickness play only a secondary role in

the load distribution nd can be ig-nored for the present.

Continuing along these lines, Fig1ure J-4 shows the idealization of

a typical fastener in single 8hear. Denotizq the fastener deflection

adjacent to the ith plate by y (i=l and 2 for a fastener in single

shear; i=1, 2 and 3 for a fastener in double shear, etc.) and Yi as the

plate deflection at some reference section, it becomes pcssIble to relate

Yi Yi to the local secant spring stiffness:

i. (Yi.i

where 4. aL!id Y may vary through the plate thickness Y..

it the reference section is sufficientlv fa_- (i.e., seioral he

rIaxseters. iroum tb hst e i It car, be &ia--.ý-ý tc o ,;,Z4-',n ~ t

ing to the follcwing:

i (a Y4 (j4 -2



where aI and bi are constants to be evaluated such that

P1 iJ % dx (J.- )

o

q, M-~ - x1 ) &xj

0

where P, and M i are the net force and moment at the plate reference

sections.

SIlAt.e the Problem may be nonlinear, a scp- -- ito linearized.

numerical solution technique is proposed wherein P. and 14. are built1 1

up simulta..ecusly in sufficiei.nly saLi, steps -,AP Y sacfl that

k.. and Yv may be approxinate in the integrands of Equationsý (G-3)

and (o'-4) by values which correspond to the prevdcois step. in this

way a, arni'. nm-y be e'eb;ated in ter-s of fi_ . r Y.. ro X•yft•ln-

21 ( 21 (E

-~'*.i 'I I -"

where

G. : f ¶: 1;..

'-I'

-• - •. -..0

2. 125
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7i

IO
0

h
hi hi•i = {- • Jo xl Y! ( xl

Thus as a function of x., is known after each increment in the

loading.

To solve for the y.' a short thick-beam theory, such as Timoshenko's

(reference 12 ).appears suitable sinve it accounts for shear deflection,

For simplicity's sake,it is assumed that the fastener-head effects may be

approximated by a rotational spring and edge shear resistance to simu-

late head friction.

Referring to Section 4.3, the beam-segment equations, correspond-

ine to each plate, are:

d dy dy,

dx(E~ dxi XGA (' -i

and

d dy- qI
(A 1 [d-i - = - -A (J-8)

i dxiX

where i, is the cross-sectional beam rotation under the usual assump-

tion that plane sections remain plane, Ai is the cross-sectional area,

E and G are the material stiffnesses, Ii the bending moment of inertia, and

% is a factor which depends on the geometry of the beam cross-section.

The interface boundary conditions are

Yi = * Yi+l 'ji = ' +3l

and the boundary conditions at the fastener heads can be written as
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C, El +

I XA r,
i 'd~Y

ii

where the C's are adjusted to account for head effects and F is th!- shear

load between fastener amd head. For example, if the head rotational

stiffness is a constant, say S, C2 1 = S caid Cl 1 regardless of the

level of Pi and Mi. In general, these C's as well as F, must be ap-

proximated by engineering means or be empirically adjusted to permit

correlation with test data.

Equations (J.-) through (J-10) may be solved numerically by

finite difference technirqes. However, because of the nature of the

assumptions and degree of approximation to this point, an analytical

solution is easily available if the coefficients cf the differential

equation are assumed constant, i.e., Ai and Ii are assumed constant.

Thus, the yi are evaluated as functions of x, for each step in the Pi'

Mi iteration process.

OnceP a solutio:n for q± az -" a fnctic-. of the platec th1u1.•mess is.

obtained in terms of the final PisMi combination, the stresses through

the sheets near the fastener holes may be dete4-.aed by reference to

the previlous two-dimensional stress solution at each thickness level.

Furithermore, an effective fastener spring rate, including fastener shear

and rotatiorn,may be defined in terms of relative deflections on a given

fastener.

Linearization: As a first step to the overall problem, the equa-

tions may be great],y simplified if, as appears justified from Chapter 3,
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the elastic foundation springs, corresponding to each pInto, are ao-

sumed to have constant rates. Thus, the first three integrations re-

quired by Equations "J-6) may be performed explicitly opce and for all,

and and b become uniquely determined function of integrals in yi"

Substituting these ino Equation (J-2) and thence into Equation (J-8)

yields

•x--?~ ~ ~ ~ k a'• + " iýj -: * xd kG k}aG k
ctx, - dx.* XG %G XG ~ (-l

where Equation (J-.ll) will involve integrals of yi.

For constant area, Ai. and bending inertia, IV, it becomes a simple

matter to obtain closed-form analytic solutions to Equations (J-7) and (J-l)

subject to linear boundery Equations (J-10). In this way, unce the y are

known the stress variation through the thickness, q,' may be computed.
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secant modulus

P vs • curve

ka toni go

Figure J-' - Typical Compressive Str#esseo- t--Over F&stener-Plate Contact
Includes Planar Effects Only.

Figuare J-1 - Load Deflection Curve for A
Typcal Fastener. Includes Local Planar

Effects Only.-

.. ___ V\" 0*C (r,•)

_-lb

CFigure J-2 idealized Configuration To Obtaino.. .0 Fastener Load-Deflection Curv(.

Includes Local rlanar Effects Only.
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II

X4

m,
hi ---- (XI)

xa m ±1

(a) Plate-Fastener Load Interaction Through Plate Thickness !

x,

X G irIIJ
SyI I

X,= I,

ri LirLyJ•..L

Y2

(b) Idealized Model of Plate as a Nonlinear Elastic Foundation Interacting With a Short
Beam

FigL-re J-4 - Idealized Model Including L,:,cal Effects
Along the Faste'er Length and Through the Plate's Thickness
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